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ABSTRACT 
This report is devoted to the discussion of the movin宫-mirror 
mode-locking (MMML) technique (which is used to generate 
mode-locked pulses by translating one of the cavity mirror along 
the cavity axis). We proposed that the mechanism behind MMML has 
< a root deep in the detuning-induced mode-Jumping effect, which 
will occur whenever the stability domains of the continuous wave 
operation modes of the laser satisf y some nonrestrictive 
conditions. We have also shown that, except for some minor 
differences, a frequency-shifted feedback cavity (FSFC) laser is 
identical to a MMML laser and therefore our physical explanation 
is applicable to this laser system too. In the light of the 
proposal, we have performed numerical simulations, which produce 
results that are in accordance with the experimental results in 
many aspects. The main results are that： 1) stable train of 
pulses can be obtained in our model, in which all the transverse 
mode effects (hence the Kerr lensing effects) and noise is 
neglected; 2) different operation regimes (period-T regime, 
period-T/2 regime) have been identified; a series of period-T/4, 
-T/3, -T/2, ... pulses have also found and could be explained by 
our physical explanation; 3) the apparent contradiction between 
the intensity spectra and the field spectra of the output of a 
FSFC laser has been resolved and the fine structure reported in 
the experiment has been found [6]; 4) the height of the pulse 
trains has been found to be modulated, with a frequency equal to 
the time required for the moving cavity mirror to translate 
through one wavelength or its multiples; 5) the effect of 
injection signal [9] on the field spectra of a FSFC laser can be 
reproduced from our numerical simulation. Our numerical 
simulation also predicted that there would be strange behaviour 1) 
if the lifetimes of the population inversion and the polarization 
is comparable, 2) if the time required for the moving mirror to 
translate through one wavelength matched with the period of the 
relaxation oscillation. In the later case, both the ‘ intensity 
spectrum and the field spectrum were broadband and we referred to 
it as the truely broadband operation. Neither situation has been 
observed. 
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CHAPTER 1： INTRODUCTION 
Short light pulses, with high repetition rate, are useful 
tools for various experiments. The shortest light pulses can be 
generated by applying mode-locking technique to broad gain 
bandwidth lasers. Frequency-tunable pulses of pulse width less 
than 100 fs and several hundred MHz repetition rate are routinely 
generated in dye lasers and, more recently, in Ti-Sapphire lasers. 
Usual laser mode-locking techniques can be divided into two 
main categories, namely, the active and passive mode-locking 
methods. The active mode-locking methods involve the use of 
acousto-optic modulators (AOM) to provide AM or FM modulation, at 
a frequency sufficiently close to the mode-spacing of the laser 
cavity. Side bands of the cavity modes will be generated 
accordingly and coincide with the neighbouring cavity modes. This 
facilitates the exchange of energy between different originally 
existing cavity modes and the phases of different cavity modes are 
correlated in this way. 
Passive mode-locking methods differs from the active ones in 
that the modulations are provided by optical pulses themselves, 
which is usually called self-modulation. Usually, in order to 
fulfi l l the "self-modulation", a non-linear element is inserted 
into the main laser cavity or the main cavity is coupled to an 
external non-linear cavity. When the non-linearity is provided by 
the active medium itself, the laser is said to be self-mode 
-locked. 
More detailed survey will be given in Chapter 3. Here, we 
emphasize that, in usual mode-locked lasers (or we call it 
conventional mode-locked laser), the pulses generations are due to 
the locking of existing cavity modes, which survive for minutes or 
even days. Their frequencies are. fixed. In another mode-locking 
scheme, which was first reported in 1968 to our knowledge, the 
frequency of the cavity modes are not fixed. We shall describe 
this mode-locking scheme in the following. 
It was found that, when one of the cavity mirrors of a laser 
system was translating along the cavity axis at a constant speed 
(we call it sweeping speed, please refer to Fig.l.l), ultrashort 
pulses, of pulse width varying from 10 ps to less than 100 fs, of 
period approximately T or period approximately T/2, could be 
generated, where T is the cavity round-trip time (pulses of 
repetition periods T/3, T/4, ... etc have also been found). We 
refer this technique of generating ultrashort pulses as 
moving-mirror mode-locking (MMML) technique [1-3]. 
Fig. 1.1 Schematic of a MMML Laser 
We propose that the mechanism behind the MMML method is due 
the detuning-induced mode-jumping in a laser, and that it is, in 
fact, locking of "moving cavity modes". Despite the basic 
differences, we will still call it "mode-locking" throughout this 
report, as this name is widely adopted. We will discuss various 
phenomena concerning the MMML lasers in this report. In the light 
of our proposed mechanism to MMML, numerical simulations are 
carried out and the results are found to be consistent with the 
experiments conducted by various authors before. We will present 
the numerical results as well. 
Similar phenomena are observed in a frequency-shifted 
feedback cavity (FSFC) lasers [4-9]. A FSFC laser is one 
containing an AOM which continuously upshifts (or downshifts) the 
frequency of its input optical pulses. They are originally 
designed for the purpose of generating broadband laser light (i.e. 
laser radiation which does not contain discrete frequency 
components). We have shown that, apart from some minor 
differences, a FSFC laser is equivalent to a MMML laser, with the 
cavity length re-defined. Therefore, the basic mechanism of a 
FSFC laser can also be explained by our theory and all the results 
in our numerical simulations are equally well applied to both 
types of lasers. , 
In Chapter 2, we will review some aspects of laser theories. 
Attention will be paid to the Maxwell-Bloch equations (section 
2.4), which have been used in our theoretical studies of MMML. 
The brief reviews in Chapter 2 also provide a clue, explaining why 
the previously proposed explanations to MMML is not satisfactory. 
A survey of conventional mode-locking is included in Chapter 3, in 
which review of various phenomena in a MMML laser are included and 
the theories for MMML and FSFC lasers previously proposed by other 
authors will be discussed. The results of our theoretical studies 
of MMML will then be discussed in the second half of Chapter 3. 
THe final chapter is devoted to discussions and conclusions of our 
studies. A modified thin-sheet-gain approximation to the 
Maxwell-Bloch equations is proposed and some results of the 
preliminary studies are given section 4.1. Some possibilities of 
further research are mentioned. 
CHAPTER 2 BASIC CONCEPTS OF LASERS 
AND SIMPLE SURVEY OF LASER THEORIES 
2.1 Introduction 
2.1.1 Basic Structure of a Laser 
The word "laser" is an acronym of "Light Amplification by 
Stimulated Emission of Radiation". As suggested by its name, a 
laser is an self-oscillatory system, utilizing stimulated emission 
to amplify the optical signal. The first laser was built by 
Schawlow and Townes in 1958 [80], 4 years after the first maser 
was built [76-79]. 
Laser is one of the most important instruments nowadays. It 
has wide applications, for its possibility to attain high 
intensity, long coherence length, small beam divergence and high 
monochromaticity (in single-mode lasers only). It can also be 
used to generate ultrashort optical pulses (the shortest of which 
is of the order of 10 fs, to our knowledge), which can be applied 
to ultrafast spectroscopy, communication or probing ultrafast 
events in various experiments. 
A laser basically composes of two components: namely, an 
active medium of which the basic units are either atoms or 
molecules, and a resonant electromagnetic structure called a 
cavity, which is usually formed by two high-reflectivity mirrors. 
The active medium should consist of a metastable excited 
state, to which atoms or molecules inside are being "pumped". 
Electric discharge (rf or dc, e.g.), flash lamp and high-intensity 
laser beam are examples of pumping sources, which are used to 
excite the atoms or molecules in the active medium. With the 
application of pumping, the number of atoms or molecules in the 
metastable state is more than in the ground state (or in another 
lower energy state which is involved in the stimulated emission 
process). Then the active medium is said to be population 
inverted. With the population being inverted, there will be more 
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stimulated emissions (between the metastable state and the lower 
energy levels) in the active medium than the stimulated 
absorptions. The result is that the active medium will become an 
optical amplifier. 
Laser cavity, in which the active medium is placed, then 
provides the necessary f eedback mechanism to this optical 
oscillator. In addition, frequency discrimination is also 
provided by the cavity structure. The followings are some 
examples of laser cavities (Fig. 2.1.1.1). 
Fig.2.1.1.1 Examples of Laser Cavities 
When the gain provided by the active medium is larger than 
the total cavity loss, a small amount of optical noise (which can 
be provided by the spontaneous emission of the active medium 
itself) will be amplified after passing through the active medium. 
Due to the laser cavity, this amplified initial disturbance will 
be fed back to the active medium again and amplified once more. 
In this way, the intensity of light field inside the laser cavity 
increases and increases, until the gain is sufficiently saturated. 
Gain saturation is due to the fact that population inversion is 
reduced because of the increased number of stimulated emissions. 
Note that optical disturbance is required only at the beginning of 
the dynamics and the laser light can be developed even without 
further injection of optical field. We said that it is a 
self-sustaining oscillator. Cutler [20] has proposed that a MMML 
laser is not self-sustaining: he proposed that it was sustained by 
continuous injection of optical noise. 
The laser media can be classified into two types: 
homogeneously broadened and inhomogeneously broadened. The former 
refers to those active media which compose of spectroscopically 
identical atoms or molecules. Examples are dye lasers, high 
pressure CO^ lasers, Ruby lasers. Inhomogeneously broadened 
lasers are 'composed of spectroscopically different atoms or 




































































































































lines are Doppler broadened (gas molecules of different velocities 
experience different Doppler shifts). Another example is solid 
state laser medium where impurities are irregularly distributed, 
such that the active atoms in different positions are subjected to 
different influences. Continuous wave (cw) operation in 
homogeneously broadened lasers usually (but not necessarily) are 
more stable than inhomogeneously broadened lasers. 
2.1.2 Concepts of "Mode" and "Mode-Locking" 
The concept of "mode" is very important in laser theories. 
Unfortunately, it is ambiguous. In this section, we would like to 
have a simple discussion on this concept. The electric field 
inside the laser cavity depends on both spatial and temporal 
coordinates. Let it be F(x,y,z;t), z being chosen to be along the 
axis of the laser cavity and x, y are the two other othogonal 
coordinates. Then, F(x,y,z;t) can be expanded in a complete set 
of spatial functions： 
F(x’y ’z ;t ) = Y^Y^ Umn(x’y，z) e^^ ’ （2.1.2.1a) 
m n k 
for a ring laser cavity of length ！E, or 
F(x,y,z;t) = Y Y f(mn)(t) U (x，y，z) sin(kz) , (2.1.2.1b) 
/ ^ k m n 
m n k 
for a Fabry-Perot cavity (light field is bouncing between two 
parrallel mirrors), with one mirror surf ace located at z = 0’ and 
the other located at z = 
{U (x,y,z) exp(ikz)> and {U (x,y,z) sin(kz)}, where the 
m n m n . i + - i 
indices m, n of U run over the set of integers and k is multiple 
of 271/7, are the complete sets of spatial functions used to expand 
the optical field in the laser cavity. Each component in the 
summation in eqn.(2.1.1.1a) or eqn.(2.1.1.1b) is called a mode (or 
a cavity mode), f ^ ^ ) � is called the mode amplitude of the mode 
specified by (m,n,k). is a slowly varying function of 
z. We call it transverse mode and exp(-i^z) or sin(^z) to 
longitudinal mode. 
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Substituting eqn.(2.Ll.la) or eqn.(2.1.1.1b) into Maxwell's 
equation, the time dependence of an empty laser cavity can be 
found. The mode amplitude will be found to be oscillating in a 
single frequency w , i.e. the mode amplitude is of the form 
k m n 
C, exp(-iw t). u) is called the eigen frequency of the 
k m n k m n k m n 。 ， 
cavity mode U (x,y,z) exp(ikz) (or U (x,y,z) sin(kz)). The 
m n m n 
eigenfrequencies associated with the same longitudinal mode (same 
k) but different transverse ones (different m, n) are, in general, 
different but close to each other. In the study of laser dynamics 
(e.g. laser instabilities, different laser mode-locking 
mechanisms), researchers usually neglect the transverse mode 
ef fect and use the plane wave approximation [47], i.e. apart from 
the temporal dependence, the electric field depends on z only. A 
cavity mode can be completely specified by the wave vector k only 
and the eigenfrequency o)^  of a cavity mode specified by k is given 
by 
0) = kc , (2.1.2.2) 
where c is the speed of light in the laser cavity. However, 
transverse mode effects cannot always be neglected： in the case of 
laser instability, it has been shown that the transverse mode 
structure can sometimes increase and sometimes decrease the 
instability threshold (the threshold pumping power required for a 
instability to induce laser instability) a lot [68]. 
Fig.2.1.2.2 Examples of Transverse Mode Structure 
The active medium is an optical amplifier using stimulated 
emission process to amplify the incoming light field. If the gain 
(ratio of the output signal to input signal) for a monochromatic 
light beam is plotted as a function g(w) of the frequency w of the 
input monochromatic light beam, the curve obtained is called a 
gain curve. Usually, if the input light intensity is greater, the 
gain of the active medium will be decreased (because stimulated 
emission process decreases the effective number of active atoms or 
molecules). The gain is said to be saturated. g(w) for a small 
input signal is called the unsaturated gain {or small-signal 
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gain). The gain curve associated with the unsaturated gain is 
called unsaturated gain curve. For example, it is common to model 
the gain g(w) by 
g (w) 
o 
g(w) = , (2.1.2.3) 
1 + I/I (w) s 
where g (w) is the unsaturated gain and I (w) is the saturation 
o s 
intensity. 
The gain bandwidth (width of the unsaturated gain curve above 
the threshold) in a laser is limited and position of the peak of 
the gain curve is called the line centre. Usually, only the 
cavity modes with eigenfrequencies close to the line centre are 
excited. The number of cavity modes excited depends on the gain 
bandwidth (which, in turn, depends on the unsaturated macroscopic 
population inversion, which is equal to number of active atoms or 
molecules in the excited state minus the number of atoms in the 
lower lasing level) and cavity mode spacing, which is the distance 
between the eigenf requencies of two adjacent longitudinal modes 
and is equal to a = ZTT/T, where T is cavity roundtrip time. If 
the mode spacing is large compared with the gain bandwidth, 
single-mode operation is resulted; on the other hand, if the mode 
spacing is smaller than the gain bandwidth, multimode operation is 
possible. Note that, when "mode" is defined in this manner, 
single-mode operation does not necessarily imply single-frequency 
operation (corresponding to cw operation). That is, the mode 
amplitude is not always oscillating sinusoidally. In fact, 
single-mode laser can have time-dependent output intensity [41, 
44-49]. The pulsation in single-mode laser is characterized by 
the time scale of relaxation oscillation (which will be discussed 
in section 2.4.4); while, in a multimode laser, the pulsation is 
related to the cavity round-trip time, T. It is the feature that 
help us to distinguish between single-mode and multimode 
operations. MMML lasers are essentially multimode. 
Sometimes, "modes" also refer to frequency components. For 
example, mode refers to the frequency component of the electric 
field of the laser radiation. Sometimes, it also refers to the 
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eigenfrequencies of the cavity modes. Note that, when "mode" is 
used in this way, a "single-mode" laser is identical to a laser 
oscillating in "single frequency" and therefore, "single-mode" 
instability in laser or pulsation in "single-mode" laser become 
meaningless. Note that, unless otherwise stated, we will refer 
"cavity modes" to components in spatial expansion of the electric 
field inside the laser cavity. 
Another concept that we are going to discuss in this section 
is "mode-locking". We shall discuss it in greater details in 
section 3.1 but it should be helpful if we get a simple idea about 
it now. In a multimode laser, to the zeroth order approximation, 
we can regard various cavity modes oscillate with their own 
eigenfrequencies. One can immediately see that the phase 
differences between various cavity modes are extremely important 
quantities as the total laser output radiation is the 
superposition of those modes: 
F (t) = V f eHkct + 0k) ’ (2.1.2.4a) 
Out 乙 k 
k 
oc ^ + , (2.1.2.4b) 
n 
where k = (n + N ) a/c, n is an integer and N is also an integer 
o o 
chosen such that all n's included in the summation of 
eqn.(2.L2.4b) are kept as small as possible. As shown in 
eqn.(2.1.2.4b)’ if the differences between </>’s are random, F^^^(t) 
will not show any practically interesting pattern. However, if 
the differences between the 0 values in eqn.(2.1.2.4b) are time 
independent, periodic pulses will be obtained, with a period equal 
to cavity roundtrip time T. Loosely speaking, when a laser is 
pulsing in this way, the laser can be said to be mode-locked 
[37-43]. Note that, it is possible that all the odd terms with n 
odd (or even) in eqn. (2.1.2.4b) vanish. If so, pulses of 
repetition rate will double. 
2.2 Brief Review of Laser Theories 
Theories of lasers can be classified into three levels [41]’ 
namely, the rate equations theory level’ semi-classical laser 
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theory level and fully quantum-mechanical theory level. They are 
interrelated: the semi-classical theory can be obtained from the 
fully quantum -mechanical approach, and rate-equation from the 
semi-classical theory. (We shall show how to derive the rate 
equations from the semi-classical equations in section 2.4.4) 
The simplest description of lasers is given by the rate 
equations theory [38,39,41,42]’ which was originated from 
Einstein's picture of light-matter interaction, and is the most 
well-known laser theory. If B(w) is the rate of stimulated 
emission (and hence rate of stimulated absorption), K is the 
cavity decay rate (also known as cavity linewidth) and r^" is the 
lifetime of the upper lasing level, then the rate equations (for a 
single-mode laser) are [81] 
- 4 ? - = - 2B(w)nD - r„(D - 1) , (2.2.1a) at II 
= NB(w)nD - 2/cn ； (2.2.1b) 
at 
where n(t) is the number of photons (of the lasing cavity mode) 
and D(t) is the microsopic population inversion, namely the 
probability of finding an active atom or molecule in the excited 
state minus that in the lower lasing level. N is the total number 
of active atoms or molecules inside the active medium and 
therefore ND is equal to the macroscopic population inversion. If 
the cavity is unloaded (i.e. D(t) = 0) then n(t) « exp(-2Kt), 
therefore 2K is the decay rate of photon inside the cavity. Note 
that the factor two in last term of eqn.{2.2.1b) occurs because k 
is the decay rate defined for the electric field while N(t) is 
proportional to square of modulus of the electric field. It 
offers us insight into the mechanism of laser operation and 
predicts certain phenomena in lasers, such as the lasing threshold 
condition, relaxation oscillation (we shall have a brief 
discussion of it in section 2.4.4) and Q-switching [39,41], etc. 
The rate equations provide us the simplest picture of laser 
dynamics and its results are easy to be interpreted. 
Rate equations have also been used in the studies of laser 
instabilities [49]. Rate equations are nonlinear in nature and so 
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the introduction of modulations of some of the parameters (e.g. 
loss modulation, cavity length modulation, etc.) allows the 
possibility of finding various laser instabilities from the rate 
equations. The laser rate equations with modulated loss (let jc be 
a function of time, e.g. K。+ iccos Q^t) predicted the Feigenbaum 
scenario (period-doubling route to chaos) [49,63,64], and found in 
V experiments [63,64]. They also predict and help us to understand 
the passive Q-switching (or self-Q-switching) in a laser with a 
saturble absorber [38,66-67]. 
However, the rate-equation description of lasers has serious 
restrictions. The most obvious one is that the phase is 
completely neglected: it is the intensity that enters the rate 
equations, not the electric field. Therefore the phase 
differences between the optical fields and the atomic variables 
(especially the polarization driven by the electric field), and 
the phases between different cavity mode amplitudes, have been 
ignored or assumed to be random. For phenomena in which such 
effects cannot be neglected, the use of rate equations is 
unsatisf actory. 
Moreover, as will be shown in subsequent sections, rate 
equations are valid in some types of lasers only. We would like 
to mention one more shortcoming of laser rate equations, namely, 
the phase space of a laser rate equations is two-dimensional, 
which is too small for strange attractor to exist. Chaos can be 
found, in the framework of rate equations, only if modulation of 
parameter is introduced (which increases the dimension of the 
phase space by one) [49，65]. In fact, more detailed analysis 
shows that, if the laser threshold is exceeded, cw operation is 
found to be always stable by using the rate equations. A second 
threshold (or called instability threshold), beyond which the cw 
operation becomes unstable, is found by utilizing the 
semi-classical laser theory. 
In order to treat more sophisticated phenomena in lasers, 
more realistic laser theory is necessary. Of course, the most 
rigorous treatment should use the fully quantum-mechanical theory, 
which treats both the light field and active medium fully 
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quantum-mechanically. However, it is formidably difficult to use. 
An alternative approach is to use the semi-classical theory, in 
which the electric field is treated as a classical quantity 
satisfying the Maxwell's equations, while the active medium is 
treated quantum -mechanically. 
Just like any other semi-classical theories applied to light 
-matter interactions, spontaneous emission will be absent from 
these equations. So, this intermediate-level theory will give no 
information about the magnitude of the quantum noise, coherence 
length, etc. But it is still a very good candidate for studying 
laser dynamics even if the noise is not unimportant. It yields 
the attractors in phase space. If the attractors are not close to 
each other, then the noise is not very important for the dynamics. 
The semi-classical equations can be utilized to trace out the 
trajectory of a laser in phase space. Even if the attractors are 
close to each other, we can phenomenologically introduce a noise 
term to the equations, and the effect of noise to the laser light 
evolution can then be simulated. 
We have mentioned passive Q-switching behaviour in a laser 
with a saturable absorber. Although it can be predicted by using 
the rate equations, more interesting results can be found if 
semi-classical laser equations are used. It is found from 
semi-classical laser theory that, unlike a free running laser, a 
laser with a saturable absorber can become unstable along the 
zero-intensity branch of the steady-state solution even before 
reaching the laser threshold [67]. That is to say, the output 
intensity of such a laser will be non-zero (even excluding 
spontaneous emission noise) even before the laser threshold is 
reached. This shows how rich the information about laser can be 
extracted from semi-classical laser theory. 
2.3 Other Simple Models 
Our discussion in theoretical description of lasers will be 
mainly focused on semi-classical laser theory. However, it is 
worthwhile to review two other simple, heuristic laser models. 
They are the amplifier circuit analogue and the coupled nonlinear 
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oscillators model. We will use the later model in understanding 
the hysteresis in switching the cavity detuning. 
Firstly, let's consider the amplifier circuit analogue. It 
was proposed by Cutler [34] and was used by many authors [82], 
directly or indirectly, to study mode-locking dynamics. They 
modelled the laser elements by those of a circuit which basically 
consists of an amplifier, signal filter, time delay element and an 
attenuator. The amplifier is to simulate the gain provided by the 
active medium; the filter to include all the frequency restricting 
elements (including any inserted thin etalon, the finite 
reflection bandwidth of the mirrors, dispersive effects in the 
active medium); time delay element to account for the actual delay 
time controlled by the length of the laser cavity. The 
attenuation is usually regarded as the output plus other cavity 
loss. Note that, usually, the active medium is assumed to have 
simple impulse response. Gain saturation effects can also be 
included. 
Fig.2.3.1 Circuit Analogue of a Mode-locked Laser 
To study laser mode-locking, in particular, an expander has 
to be added. The expander can be used to simulate a saturable 
absorber in a passively mode-locked laser, or to simulate an AOM 
in an active medium. The behaviour of the pulse inside the laser 
cavity after successive cavity round trips can then be studied 
numerically. Cutler has used this model to study time development 
of the light field in a MMML laser [20]. In his model, an 
expander which provides an additional linearly increasing cavity 
delay has been used to simulate the effect of moving one of the 
cavity mirrors. We will discuss them in detail in section 3.2.2. 
The amplifier circuit analogue does emphasize the similarity 
between lasers and the electronic oscillators. However, we should 
be careful that whether the amplifier circuit analogue approach 


































































































the real laser system, namely, whether sufficient physics is 
included in the amplifier circuit model, especially in choosing 
the behaviour of the amplifier and the expander in the circuit. 
Usually, the gain G of the amplifier are assumed to be an 
explicit function of electric field (sometimes also the value of 
electric field in the past) and time. For example, one has 
G 
G = , (2.3.1) 
1 + dt' |E(t')|Z 
J t - T 
P 
where t is the current time, G is the unsaturated gain 
o 
coefficient and T is the pulse width of the optical pulse 
p 
travelling inside the cavity. This model of the amplification of 
the active medium has included the slow gain saturation effect. 
It is also assumed that G recovers to G after the pulse has 
o 
passed through the active medium and before the pulse come back 
one roundtrip later. But we should keep in mind that in an actual 
active medium the gain G is not a simple explicit function of 
electric field but G satisfies some dynamical equations. It is 
exactly what rate equations tell us. The gain provided by the 
active medium depends on the population inversion at the present 
moment, while the population inversion is not a explicit function 
of the electric field but satisfies a non-linear first order 
differential equation, coupled with the electric field. 
We remark that, thin-sheet-gain approximation has been 
assumed implicitly inside the amplifier circuit analogue approach. 
That means the active medium is assumed to be compressed to be a 
infinitely thin sheet. This approximation allows us to write down 
the amplification factor G explicitly. We will discuss the 
thin-sheet-gain approximation in more details later on. 
Another intuitive model is the coupled non-linear oscillators 
model [40-43]. The oscillators in the model are used to represent 
the amplitudes of the cavity modes. Usually, van der Pol 
oscillators in rotating-wave and slowly-varying amplitude 
approximations, with some kinds of coupling added, are used [43]. 
A van der Pol oscillator is one which satisfies the van der Pol 
14 
equation： 
d^x „ , , 2. dx 2 A 
" ” ~ — - 2 (a - bx ) + w X = 0 . (2.3.2) 
dt^ at 
It was originally (in 1934) used by van der Pol to describe 
dynamics of a vacuum tube oscillator. It is a nonlinear second 
^ -order differential equation. Slowly-varying amplitude 
approximation is used to reduce it by one order： let 
x(t ) = Re[ x^(t) exp(-iwt) ] . (2.3.3) 
Usually, x(t ) will essentially remain constant over many cycles of 
oscillation of exp(-iwt). Thus it is justified to assume that 
c / x � � ( d / d t ) x � （ d 2 / d t 2 ) x , (2.3.4) 
o o o 
The equation resulted will include terms, some of which contain 
exp(iwt) while others contain exp(—iwt). They are separated from 
each other by rotating-wave approximation [41]. The dynamical 
equation for x (t) will be given by 
o 
； ) = (a - b Ix |2) X . (2.3.5) 
a t o o o 
In eqn.(2.3.5), the fast varying part exp(-iwt) of x(t) is removed 
and X (t) is the envelope of x(t). The physical meanings of a and 
o 
b are shown explicitly by eqn.(2.3.5): a is the gain per unit time 
and b is the inverse of the saturation intensity of the gain. 
Let's come back to the laser problem. Consider the simplest 
case of a single-mode laser, we can use a single van der Pol 
oscillator to simulate its behaviour. The amplitude of the 
electric field can be assumed to satisfy 




where w is the eigenf requency of the cavity mode, ( g � - S |E| ) is 
the gain provided by the active medium. Note that g � i s the 
unsaturated gain and S|E|^ is the saturation term necessary to 
stop the growth of the cavity field amplitude. This oscillator 
15 
has the property that the amplitude of the oscillation is stable, 
while its phase is not [41]. Note also that, regarding g as the 
o 
control parameter, the above oscillator has only one bifurcation 
point, namely the threshold of oscillation (g = K), below which 
O 
the trivial solution E = 0 is the only stable point and beyond the 
solution E = 0 becomes unstable and the solution E(t) satisfies 
|E(t)| = constant. The van der Pol oscillator model also 
demostrates the property of lasers that it is self-sustaining (or 
seIf-excitatory). That means that the oscillator can continue its 
oscillation even with any external source term incorporated into 
the dynamical equation. 
In fact, the non-linear oscillator model for the single-model 
laser can be derived from the semi-classical laser theory. The 
assumption behind the derivation is that the light intensity in 
the laser cavity is not too high. For a multi-mode laser, we can 
derive, in a similar fashion, that amplitudes of the cavity modes 
are given by equations of the form 
E = i-iu) - K) E + y g E - y S E E*E , (2.3.7) 
n n n Lt m n m U Imn 1 m n 
m I m n 
where g's and S's depend on the oscillation frequencies (which 
are, in general, slightly different from the eigenfrequencies of 
the cavity modes but, for qualitative treatment, we may neglect 
the differences) of the cavity modes. So, it is instructive to 
study eqn.(2.3.3) with g's and S's being prescribed parameters. 
In section 2.4.7，we will use a simpler model to study some 
hysteresis effects in a laser. We assume that at most two modes 
exist and that they are coupled only through cross-saturation of 
gain. The amplitude of the two cavity modes satisfy 
El + ( L - G ) El + SJEJ^E^ + C J E J X = • , (2.3.8a) 
E 2 + ( � - G 2 ) E 2 + S j E 2 | V c 2 j E i l \ = 0 ； (2.3.8b) 
where L's and G's are loss and gain of the corresponding cavity 
modes. The terms containing the coefficients S's are the 
self-saturation and those containing C’s are the cross 
-saturation. The fast varying factor exp(-iw^t) and exp{-iw^t) 
16 
are removed from E^  and E^ respectively. The properties exhibited 
by (2.3.4) will be discussed in section 2.4.7. 
2.4 Review of the Maxwell-Bloch Equations [41,47] 
The spirit of semi-classical laser theory is that [41]： the 
EM field inside the laser cavity is described by Maxwell's 
equations while the dynamics of the gain medium described by 
Schrodinger's equation. The quantum nature of light will be 
ignored and therefore assume that the vacuum fluctuation of the 
EM field has been "switched off". Therefore, from the 
semi-classical theory, we know nothing about the magnitude of the 
quantum noise and hence we cannot find out properties of the 
coherence length of the EM field. 
However, for our purpose, the above shortcoming becomes our 
advantage. Cutler [20] has proposed that the MMML lasers are 
sustained by noise and therefore the noise level is the key factor 
that determines the output intensity of a MMML laser. We have 
f ound extremely stable mode-locked pulses by using the 
semi-classical equations, which is intrinsically noise-free. 
In the following sub-sections, our discussion will be focused 
on semi-classical laser theory of the simplest type of lasers — 
the uni-directional ring laser with homogeneously broadened, two 
-level gain medium [45]. Slowly-varying-amplitude approximation 
and plane-wave approximation are applied as usual. The resulting 
equations are the Maxwell-Bloch equations [47]. Note that the 
application of plane-wave approximation means that all the 
transverse mode effects (including Kerr lensing effect) are 
completely neglected 
2.4.1 jDe厂ivatio/7 of Maxwell-Bloch Equations [83] 
Consider a ring laser resonator of length £ in which an 
active medium of length L is placed (Fig.2.4.1). The active 




































































































































































































which means that a pulse exits the active medium at z = L and then 
travels through a distance of ie - L to z = 0. The factor of R is 
due to the fact that one of the cavity mirror is not perfectly 
reflecting and attenuates the optical pulse before it enters the 
active medium again. The reflectivity R used here is an effective 
one — all the cavity loss is accounted for by the finite 
reflectivity. Note that we have made use of the fact that w is 
c 
multiple of 2n/T. Let's now consider the lasing medium, which is 
governed by the Schrodinger's equation: 
Ih ^ 丨 屯 � � = H mt )> . (2.4.1.5) 
If we let 
H = H - erE , (2.4.1.6) 
o 
where H is the unperturbed Hamiltonian with H |k> = E |k> and 
O o k 
expand |^(t)> in term of |k>, k = 1，2： 
I屯(t)> = a^(t) |1> + |2> , (2.4.1.7) 
we obtain 
5a E d 
= - I a + I Ea ， (2.4.1.8a) 
dt fi 1 fi e 
5a E d 
——-=-I-a + I——Ea . (2.4.1.8b) 
dt h e fi 1 
Identifying the envelope of the (microscopic) polarization P 
来 一 z ~ ~ t t ) tJ 
with -Zi-a a e c c and defining (microscopic) population 
1 2 
inversion D by 
o 
D = la - la ， （2.4.1.9) 
o 2 1 
result in the matter equations 
aP fxE 
_ ° = -I S F D , (2.4.1.10) 
at AC o h o 
dD r * ^ 
_ _ ° = Rei P E I ， （2.4.1.11) 
dt 2h I � � / 
where 5 = w — w is called the cavity detuning. 
AC A c 
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The matter equations shown above are incomplete. When the 
electric field is turned of f , the polarization P and the 
population inversion D will relax back to zero and one 
respectively. The relaxation model are usually employed to 
simulate this situation： 
aP jiE 
——-=-(r丄 + )P 一 ——-D , (2.4.1.12) 
at 丄 AC o h o 
aD JLl r ^ . 
——-=-r||(D - 1) + Re- P E • , (2.4.1.13) 
at 。 2h I 。 。 J 
where r^ 丄 and rn are called in the literature [47] as the 
transverse and longitudinal relaxation rates, respectively. They 
are terminologies carried over from the magnetic resonance theory. 
These two quantities, together with the cavity decay rate k help 
us to distinguish different types of lasers. We shall discuss 
this point in section 2.4.4. 
The two equations, eq. (2.4.1.12) and eq. (2.4.1.13)’ (called 
the matter equations or the optical Bloch equations) and the field 
equation form a closed set of partial differential equations 
(called Maxwell-Bloch equations [41,47]) which can be used to 
describe laser dynamics. For convenience, we define the following 
scaled variables 
^lE 
F = - _ , (2.4.1.14a) 
fiV'^jj I  
p = p (2.4.1.14b) 
/ O ’ 
5 = D . (2.4.1.14c) 
o 
The Maxwell-Bloch equations become 
^ + i _ ^ = - aP ， （2.4.1.15a) 
dz c dt 
dP 
= - Id )P -万丄FD , (2.4.1.15b) 
丄 AC 丄 
dt 
— = - r „ ( D - 1) + r„ Re j f ' P I ， （2.4.1.15c) 
d t 
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with boundary condition 
F(0,t) = R F(L,t - ^ ~ ^ ) ； (2.4.1.15d) 
where a is the gain per unit length of the active medium and is 
equal to Nd^w /(2he 丄c). (The small cap """ is dropped for 
C o 
convenience.) Note that the phase of the polarization is defined 
such that, in steady state, the polarization will have a sign 
opposite of the electric field, while in some literatures [41] the 
sign of the polarization chosen is opposite. 
The cavity detuning, 6 ， i s a very important parameter. It 
AC 
plays a key role in MMML. If 5 vanishes or equal to a multiple 
AC 
of mode spacing ZTT/T, the laser is called a resonant laser； 
otherwise, the laser is called a detuned one. A resonant laser 
and a detuned laser can have very important differences in their 
behaviour, some of which are presented in section 2.4.7. 
In the above formalism, the cavity loss is incorporated in 
the finite reflectivity. Another way to treat the cavity loss is 
to distribute it uniformly inside the whole cavity and the 
reflectivities of all cavity mirrors are assumed to be 100% 
[41,49]. This treatment results in relaxation model being 
introduced into field equation and the effective loss is denoted 
by the effective cavity decay rate K. This results in the simpler 
periodic boundary condition 
F(0,t) = F(L,t - ^ ~ ^ ) ’ (2.4.1.16) 
and the field equation becomes 
汪 + ^ = - aP - - ^ F , (2.4.1.17) 
dz c at 
where K is the cavity loss per unit length. This equation will 
give similar result as eqn.(2.4.1.15) if we make the connection 
cIlnRi (2.4.1.18) 
K = • 
Before ending this sub-section, we would like to emphasize 
that there are various effects which are not incorporated in 
21 
Maxwell-Bloch equations. Transverse mode effects are completely 
neglected. Gaussian averaging may be incorporated into the semi 
-classical equations to simulate the transverse mode effects. 
That is, instead of assuming that the optical field travelling 
inside the cavity is a plane wave, the optical field is assumed a 
prescribed Gaussian transverse mode structure. Gaussian averaging 
may lead to substantial change of the instabilities in a laser 
[68]. Furthermore, the propagation of the EM field in the laser 
cavity is assumed uni-directional. There are abundant of 
interesting phenomena in a bi-directional one [67,71]. The active 
medium is assumed to be homogeneously broadened. A trace amount 
of inhomogeneous broadening will destabilize the cw operation a 
lot [49,67]. Moreover, even if the active medium is completely 
homogeneously broadened, its energy band structure may be more 
complicated than the two-level model assumed in the Maxwell-Bloch 
equations. Haken has found that if the lower lasing level 
consists of a band of sub-levels, multi-chromatic operation may be 
resulted and the threshold of the transition from the cw and the 
bichromatic operations is very low [60]. This provides an 
explanation to the experimental results obtained by Hillman [73]. 
In the above treatment, the gain is assumed to be uniform over the 
entire active medium. Some authors [69] have shown that 
inhomogeneity of the gain in the active medium can couple the 
cavity modes together and undamped, erratic (in fact chaotic) 
pulsing (or "spiking" used in the literature) can occurs at a very 
low level of time-independent pumping. It was proposed that this 
accounts for the pulsing operations of ruby lasers. 
For the last but not the least, slowly varying amplitude 
approximation has been applied, in order to reduce the 
second-order wave equation to first-order differential equation 
(i.e. eqn. (2.4.1.15a)). Casperson [52’ 53] has discovered that 
there are differences between the original semi-classical laser 
equations and the Maxwell-Bloch equations to which slowly varying 
amplitude approximation has already been applied. Such 
differences are significant when the gain of the laser is high. 
The most interesting phenomena f ound is that uni-directional 
propagation can become unstable as it will induce counter 
propagating light wave in the ring cavity and Casperson proposed 
22 
that it opens the possibilities of single mirror oscillation in 
high gain lasers. 
2A.2 Continuous-Wave operation [47] 
In this section, the cw operation of a homogeneously 
broadened laser will be discribed. When the laser is in cw 
operation, the population inversion is independent of time. The 
electric field and the polarization oscillate at a single 
frequency w^： 
F(z,t) = Fst(z) e-记⑴t , (2.4.2.1a) 
P(z.t) = P (z) , (2.4.2.1b) 
S t 
D(z’t) = D (z) ， （2.4.2.1c) 
S t 
where = w - w . 
L c 
Substituting the anatz (2.4.2.1) into eqn.(2.4.1.15), we get 
1 - i A 
P (z) = - F (z) , (2.4.2.2a) 
St St 1 + 五2 + 
� 2 
1 + A^ 
D (z) = ， (2.4.2.2b) 
S t , r 2 I „ f X I 2 
1 + A + | F S T ( Z ) | � 
where A = (w - w ) � >. 
A L 丄 
Note that the saturation effect is evident as the intensity 
|F (Z)I is present in the denominator of eqn.(2.4.2.2). 
st 
Finally, putting eqn. (2.4.2.2) into eqn. (2.4.1.15a) and applying 
the boundary condition (2.4.1.15d), we obtain 
2 � 
IF (L)|2 = [aL - (1 + L ) llnRN ’ （2.4.2.3a) 
St 1 - r2 
(w^ + 丄 + KW 
� = c L— (2.4.2.3b) 
L 丄 + K 
where j is an integer, k is related to the cavity parameters as in 
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eqn.(2.4.1.18). ja is the eigenfrequency of a certain cavity 
mode arround Note that eqn.(2.4.2.3b) means that the cavity 
mode does not oscillate at its own eigenfrequency, but at a 
frequency pulled towards the atomic line This effect, which 
is called mode-pulling [47], complicates mechanisms behind laser 
mode-locking. 
Eqn.(2.4.2.3a) can be regarded as the unsaturated gain curve, 
showing the relation between output intensity |F and the 
� st 
lasing frequency -A (= (w - w ), measured from the atomic 
L A 丄 
line centre. Those cavity modes, with A such that |F (L) is 
st 
positive, are said to lie under the (unsaturated) gain curve and 
have enough gain to lase. The number of cavity modes under the ‘ 
gain curve depends on the ratio between the width of the gain 
curve 2A and the mode spacing a, where A is given by 
G G 
/ ocL 
T W 一 1 • (2.4.2.4) 
Obviously, if A is much smaller than a, then only one mode will 
be under the gain curve. Then the laser usually oscillates in 
single-mode operation. On the other hand, if A is greater than a 
G 
then the competitions between different cavity modes will be 
significant. The mode-mode competitions will be discussed in 
section 2.4.7. 
2.4.3 Mean-field Approximation and Lorenz-Haken Instability 
[41,47,49] 
Consider a resonant laser, and use the model of uniformly 
distributed cavity loss eqn.(2,4.1.17): 
dF 1 dF D K p (o A r, ——+ = - aP F ， （2.4.3.1a) 
dz c dt e 
dF 
= - y 丄 P - r jFD , (2.4.3.1b) 
dt 
dD ‘ 
=-万丨丨(D - 1) + T|,FP • (2.4.3.1c) 
dt 
Note that if 6 = 0, F and P can be assumed, without loss of 
AC 
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generality, to be real. For single-mode operation, some 
investigators assume that the electric field F(z,t) is uniform 
inside the cavity, while some others make use of the mean-field 
approximation, namely, F(z,t) in the above equations can be 
replaced by some kind of spatially averaged value F(t). It is 
also refered to uniform-field limit. Such an approximation and 
can produce qualitatively correct results, provided that the laser 
is kept in single-mode operation and the cavity loss is not high. 
The most important point to note here is that, whenever F(z’t) is 
assumed to be independent of z, the equation resulted will be 
single-mode in nature and cannot be used for studying laser 
mode-locking. 
In the mean-field limit, the Maxwell-Bloch equations can be 
transformed by 
X(t) = / bir - 1) , (2.4.3.2a) 
S t 
y(t) = / b(? — 1) , (2.4.3.2b) 
S t 
Z(t ) = 1 —pD � ， （2.4.3.2c) 
St 
into 
X = - Ic (X - Y) ， （2.4.3.3a) 
y = -Y - XZ + rX ， （2.4.3.3b) 
Z = Xy - bZ , (2.4.3.3c) 
where (F ， P ， D ) is the fixed point (at which time 
s t s t s t 
derivatives of all the state variables vanish) of the 
Maxwell-Bloch equations (which, in addition, the mean-field 
approximation has been applied). ic = /c"丄，r is the ratio of gain 
to threshold. These equations are called the Lorenz equations 
[84] in the context of fluid convection (Lorenz worked in 
atmospheric physics). It has been extensively studied and the 
phenomena which can be described by these three ODEs fi l l books 
[72]. We will mention only some of them: 
(i) If r < 1, the origin is globally attracting, i.e. any 
trajectories in phase space will be attracted toward the origin; 
25 
while, on the other hand, when f > 1, the fixed point at the 
origin of phase space will become unstable, which means transition 
to lasing. 
(ii) If r > 1, two new stable fixed points emerge and 
correspond to cw operation of lasers. These two stable fixed 
points become unstable whenever 
r > r = “ “ “ 3 ) , (2.4.3.4) 
H ~ ~ 1 K - Tf - I 
together with the condition that K > J+1 (the last inequality is 
the so-called bad cavity condition for homogeneously broadened 
two-level ring lasers). r is called the second threshold (also 
H 
known as the instability threshold) [41,49] in contrast to the 
lasing threshold which is also called first threshold. The 
phenomenology beyond the second threshold is quite complicated. 
The solution may be periodic, quasi-periodic or even chaotic, 
depending on the laser parameters. Different routes to chaos was 
discovered. This is what we refer to as Lorenz-Haken instability. 
For more details, please refer to Sparrow's monograph [72]. Note 
that this kind of instability is completely absent from rate 
equations. 
This is the first model that predicts laser chaos. Even 
though the mean-field approximation is taken, it reveals some 
basic features of single-mode lasers. It makes us alert of the 
complicated phenomena behind the nonlinear aspect of lasers. 
2.4.4 Adiabatic Elimination of Fast Variables [70,65,47] 
Usually, various relaxation rates in a system are of 
different orders of magnitudes. If this is the case, we can apply 
the so-called adiabatic elimination to eliminate the fast-varying 
variable(s). Consider the simple example 
q = i q + F(t) , 
F = - c F . (2.4.4.1b) 
The solution of F can be written as 
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F(t) = a e-^^t ’ (2.4.4.2) 
and the solution of q(t) can be written: 
pt 
q(t) = dT F ( T ) 一 T ) , 
J。 
a - G t -2rt ’ • 
= y • g e - e ' , (2.4.4.3) 
Now, suppose that 了》e . Then, q(t) relaxes in much shorter 
time than F(t), except for a short transient, 
“ � a -e t q(t) ^ — e ’ 
= F � ， (2.4.4.4) 
Q 
r 
which means that, except for a short transient, 
q = 0 • (2.4.4.5) 
So, when we have relaxation rates of different orders of 
magnitudes, we can eliminate the fast-varying variables explicitly 
by letting their time derivatives be equal to zero. This 
procedure is called adiabatic approximation. 
Adiabatic approximation has been used extensively in studying 
laser dynamics. Laser rate equations can be derived from the 
semi-classical laser equations with the application of adiabatic 
elimination of the polarization. According to the relative 
magnitudes of the relaxation rates of the population inversion, 
polarization and the electric field, lasers are classified into 
three different classes: class A: 万丄=3^丨丨�K; class B: 
了丄�万II’ K； and class C: y丄 - ^ h - K [65]. 
In class A lasers, both atomic variables can be eliminated by 
adiabatic approximation and single-mode instabilities are 
impossible. The lasing frequency is close to the eigenfrequency 
of the empty cavity. In class B lasers, only the polarization can 
be adiabatically eliminated and laser rate equations will be 
resulted. Damped relaxation oscillations are common. The 
frequency of the relaxation oscillation is of the order of V k^-,, 
and the damping rate is of the order of 丨丨.The response to 
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harmonic modulation at this frequency will be significant. In 
class C lasers, full set of Maxwell-Bloch equations should be used 
and Lorenz-Haken single-mode instability will be present if the 
bad-cavity condition is satisfied (K > y丄 + as described in the 
last section). 
Despite the usefulness of the adiabatic elimination, its 
validity is limited. Due to self-consistency reason, adiabatic 
elimination is valid only if the electric field is not too large. 
That is, adiabatic elmination is valid only when the laser is 
operating close to the f irst threshold. As laser rate equations 
are derived with the application of adiabatic elimination, they 
are valid when the gain is close to the threshold value. 
To illustrate the application of adiabatic elimination to 
laser, let's consider single-mode equations of a detuned laser, in 
the mean-field limit, we seek solution of the type: 
F(z,t) = F(t) e^^^ . (2.4.4.6) 
Substituting eqn.(2.4.4.6) into eqn.(2.4.3.1), we obtain 
- ^ F = - + 咖 F — aP , (2.4.4.7a) 
C— C-
p = - (r_L + i^Ac)? - 7丄 FD , (2.4.4.7b) 
D = ni Re j F*P I - (D - 1) . (2.4.4.7c) 
In particular, if r丄�7|丨，k, (i.e. class B lasers), we can 
let (d/dt)P(t) = 0 to get, 
R 丄 F D 
P . (2.4.4.8) 
万丄+ ^ ^ c 
By substituting eqn.(2.4.4.8) into eqn.(2.4.4.7a,b)’ we have 
. acFD 
F = - (K + ic8k) F + , (2.4.4.9a) 
万丄 + ‘ 
. 了丄、丨丨IF I 2D 




Let I = |F| (which is proportional to the photon number), 
^ = - 2KI + ID ’ （2.4.4.10a) 
丄 AC 
；, , � h � 丨 丨 
D = - r„ (D - 1) - —— ID , (2.4.4.10b) 
y I + 5 
丄 AC 
which is the usual single-mode laser rate equation with cavity 
detuning. Comparing eqn. (2.4.4.10) and eqn. (2.2.1), we can find 
the e f fect of detuning on Einstein B's coefficient: 
2 
y丄 
B « ； ； ~ • (2.4.4.11) 
丄 AC 
We can also find the condition for relaxation oscillation 
from eqn. (2.2.1) (or equivalently from eqn.(2.4.4.10), but we 
shall use the symbols in eqn. (2.2.1)) [47], let D and n be the 
st st 
steady-state values of population inversion and the intensity 
repectively. Suppose that these two quantities are perturbed by a 
small amount, say, 6D and 51 respectively (6D and 51 are small 
enough such that the we can neglect the second or higher order 
terms of 6D and 51). Then, we shall obtained two first order 
linear differential equations in 5D and 61. We can let 6D and 51 
be 
f \ f \ 
6D , . 6D 
= g A t ° . (2.4.4.12) 
61 51 
O 
V y V / 
Then, we can obtained that A is either one of the following values 
1 厂 广 1 、 2 1 1 / 2 
入+ = - T 、 土 T 1^1 - 棚 V I - V , ⑵ 仏 ⑶ 
一 th L V th ^ � 
where D = K/(NB) . There are two points worthwhile noting, 
th 
Firstly, the real part of A is always negative. This means that, 
from eqn.(2.2.1) or eqn.(2.4.4.10)，cw operation is always stable 
as far as the lasing threshold (or first threshold) is exceeded. 
Secondly, if K is sufficiently larger than 〜丨，A will be complex, 
which means that the approach to steady state is oscillatory. 
This kind of damped oscillation in class B lasers is called 
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relaxation oscillation. The frequency of oscillation is of the 
1/2 
order of (Kr,|) • This frequency is very important if we want to 
modulate a laser: a laser will give large response to external 
modulation if the frequency of the external modulation matches it 
(i.e. hitting the relaxation oscillation resonance). This fact 
was used in various experiments on laser chaos generation and from 
our numerical results, we have found that similar phenomena can 
occur in MMML lasers (please refer to section 3.4). 
This shows that the rate equation requires y丄 to be large 
compared with otherwise the polarization cannot be eliminated. 
Moreover, there is one more restriction for the rate equations to 
be valid: for adiabatic elimination to be valid, the electric 
field should not be large and this account for the fact that rate 
equation will be correct only if the gain is close to the 
threshold. The rate equations for class B multimode lasers can be 
derived in a similar f ashion, with one more condition to be 
satisfied: the phase differences between different field modes 
are random. 
In the case of class A lasers, we can further eliminate the 
population inversion D(t) from eqn. (2.4.4.9) adiabatically, which 
leads to eqn. (2.3.2). In the case of multimode oscillation, 
following the same procedure, we will obtain eqn. (2.3.3). 
Therefore, the coupled nonlinear oscillators model is valid for 
describing a realistic laser f or which the adiabatic elimination 
is valid, namely, the electric field being not too strong. In 
fact, the coupled nonlinear oscillators model can be derived from 
Maxwell-Bloch equations by assuming an iterative procedure, which, 
in turn, requires electric field to be small in amplitude, 
2.4.5 Thin-Sheet-Gain Approximation for Multimode Lasers [49] 
It is more difficult to solve, numerically, partial 
differential equations than a system of ordinary differential 
equations or delay-differential equations because of the numerical 
stability and the requirement of computation resources. It is 
therefore desirable to reduce the Maxwell-Bloch equations to a 
simpler set of equations. One approach is to perform mode 
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truncation: for example, if we know that only six of the cavity 
modes are significant, then we can expand the Maxwell-Bloch 
equations into modal equations (finite number of first-order 
ordinary differential equations will be resulted). However, it is 
found that such kind of modal expansion is not quite useful in 
study of MMML lasers due to the fact that the cavity modes in a 
MMML laser is not stationary. It is also found that there are 
substantial differences between the truncated equations and the 
original Maxwell-Bloch equations [54]. 
Another way to simplify the full set of Maxwell-Bloch 
equations is to assume that all the active atoms are concentrated 
in a thin sheet, which is called thin-sheet-gain approximation 
[49]. It has been applied to Maxwell-Bloch equations of a 
resonant laser. Here, we extend its application to a detuned one 
(i.e. allowing 8 本 0). Define (Z,T) by 
AC 
Z = z ， (2.4.5.1a) 
T = t - z/c . (2.4.5.1b) 
The field equation then becomes 
卯(乙T) = - a P(Z,T) • (2.4.5.2) 
dZ 
Under the thin-sheet-gain approximation, 
抓(Z，T) = - a L 5 ( Z - z ) P ( Z , T ) , (2 .4.5.3) 
az ° 
where aL is the gain per pass and the gain sheet is located at z � . 
Then, integrating w.r.t. Z, from z:= O" to z:= z � . 0+, 
F(Z+,T ) - F ( Z ' , T ) = - OCL P(Z , T ) • (2.4.5.4) 
O o O 
For brevity, let Fit) = F(z^t) • 
We obtain after applying the boundary condition that ‘ 
Fit + T) = R Fit) - aLR P(t) ’ (2.4.5.5a) 
= - (^ ,-H )P - , FD , (2.4.5.5b) 
丄 AC 丄 
dt 
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dD f * 1 
= 万 丨 丨 Re| P F I - ” 丨 ( D - 1) . (2.4.5.5c) 
Finally, let's scale F, P, D by their corresponding steady 
state values in the resonant case and scale the time with ？ 工 丄 ’ 
F(t+T) = RF(t) + (l-R)P(t) ， （2.4.5.6a) 
P = - (1 + 18 ) P + FD , (2.4.5.6b) 
AC 
• 来 
D = - r D - tA Re{F P} + J (A+1) ’ （2.4.5.6c) 
where y = jnand S = S /^ r丄. A is the gain parameter (i.e. 
AC AC 
the ratio between the gain per pass and the cavity loss per pass 
minus 1) and is given by 
— ^ ~ - 1 . (2.4.5.7) 
1 - R 
These are the Maxwell-Bloch equations under the thin-sheet 
-gain approximation. We will apply them in numerical simulation 
of MMML lasers. The method of numerical solution will be 
described in section 3.4.1. Note that this set of equations 
allows the description of multimode operation since no mode 
truncation has been made. It should be mentioned that the study 
of this set of equations is not complete (especially in detuned 
laser) and more works should be performed to check its validity. 
(Some shortcomings of eqn. (2.4.5.6) will be discussed in 
section(4.1)). 
It is obvious that, in reality, it is impossible to 
concentrate all the active atoms or molecules in a infinitely thin 
sheet. So, we expect differences between this model and the 
reality. In fact, the requirement that the active medium is all 
inside a thin gain sheet leads to a sharp difference between the 
electric field at z+ and z", and it will inevitably violate the 
O O 
assumption behind the slow-varying amplitude approximation. But 
it does not mean that it does not work at all. 
They are still consistent with the Maxwell-Bloch equations 
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(after slowly-varying amplitude approximation is applied). It is 
reasonable to believe that it will recover most of the original 
features. We have found that self-mode-locking, relaxation 
oscillations and some phenomena related to our studies of MMML 
lasers can be obtained from eqn.(2.4.5.5). When mean-field 
approximation works (i.e. ratio of the cavity loss to the gain 
value is finite while both of them tend to zero) and the cavity 
round-trip time also tends to zero, single-mode equations (Lorenz 
equations) can be recovered. It is more realistic than the 
coupled nonlinear oscillators model and amplifier circuit 
analogue. In fact, eqn.(2.4.5.5) can be interpreted as some sort 
of circuit model — but the response of the active medium has more 
complicated dynamics and its gain cannot be written as an explicit 
function of the electric field. Moreover, it has one more 
advantage, namely, applicable to all three classes of lasers since 
no adiabatic elimination is performed. 
2.4.6 Se If-Mode-locking Predicted by using Maxwell-Bloch 
Equations 
It was once believed that a homogeneously broadened ring 
laser cannot have multimode operation without introducing any kind 
of modulation. The rationale behind this belief is called the 
gain-clamping condition [39]： the gain curve is saturated and then 
clamped at the point where the gain of the most dominant cavity 
mode will be equal to the cavity loss. By "most dominant cavity 
mode", we mean the mode that have the highest gain and, in 
homogeneously broadened two-level ring lasers, it will be the mode 
which is nearest to the atomic line centre. Note that as the gain 
curve is considered fixed in shape (which is a parabolic curve in 
Maxwell-Bloch equations), only one cavity mode can survive in the 
mode-mode competition. The gain-clamping condition is lifted in 
the case of inhomogeneously broadened lasers. 
However, as found by Risken and Nummedal [57], Haken and 
Graham [58], multimode operation in a homogeneously broadened ring 
laser is not impossible. If the laser satisfies good-cavity 
condition (i.e. K < y丄 + 万H in contrast with bad-cavity condition 
in single-mode instability, discussed in section 2.4.3) and the 
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mode spacing is within a certain range, then, when the gain is 
sufficiently high, the sidebands of the currently oscillating 
cavity mode can have gain higher than the cavity loss. Hence, the 
sidebands will grow and multimode operation can be resulted. The 
phases and the beat frequency will then be locked due to the 
population inversion pulsation, which oscillates at a frequency 
equals to the beat frequencies between the cavity modes. The 
phenomenon can be referred to as self-mode-locking. Such kind of 
multimode instability of the ,cw operation is called 
Risken-Nummedal-Haken-Graham instability (RNGH instability) [57, 
58]. The laser considered in the RNGH instability is a resonant 
one. Recently, H. Fu [62] has found the analytical asymptotic 
solution of the self-mode-locked pulses in the limit 丄—0. 
Bistability was f ound in both numerical and analytical 
studies: the mode-locked operation and the cw operation are both 
stable for intermediate values of the gain. Which operation mode 
will take over depends on the past history, which may account for 
the fact that tapping a cavity mirror may switch the cw operation 
to self-mode-locked operation and vice versa in some lasers. One 
interesting phenomenon, f ound in both numerical and analytical 
studies, is that the group velocity of the pulse inside the laser 
cavity is faster than speed of light. Risken and Nummedal have 
proposed a physical explanation to this phenomenon. The leading 
edge of optical pulse inside the gain medium is amplified while 
the trailing edge is absorbed (due to the gain is saturated by the 
leading part of the optical pulse), therefore the group velocity 
of the optical pulse inside the laser cavity is greater than that 
of the photons inside the optical pulse. 
Besides the RNGH instability in Maxwell-Bloch equations, 
there is another type of multimode instability. The RNGH 
instability is essentially an amplitiude-type instability which 
means that the amplitudes of cavity modes that are destabilized. 
In a detuned laser, Narducci et al [50] have found an instability 
of different type, which also leads to self-mode-locking. It is a 
consequence of destabilization of the phase. We will have a brief 
discussion on it in the coming section. Here, we emphasize that 
self-mode-locking can occur in lasers even the transverse effects 
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are negligible. 
So far, we have paid our attention mainly on homogeneously 
broadened two-level ring lasers. We have already mentioned that 
the band structures of the active media are usually more 
complicated than a mere two-level one. Inhomogeneously broadening 
does modify the details of the instabilities significantly [47, 
49]. This is as expected even under the framework of the 
gain-clamping condition. Even restricting ourselves in the case 
of homogeneously broadened lasers, we may find that the details of 
the band structure of the active medium plays an important role in 
the dynamical properties of the laser. The instability in a dye 
laser, of which the lower lasing level of the active medium has a 
band structure (many sublevels closely packed together) has 
attracted much attention. H. Fu and H. Haken [59-61] has found 
that, depending on the lifetimes of lower lasing levels, 
self-mode-locking or bichromatic operations can occur if the gain 
exceeds the RNGH instability threshold. The instability threshold 
of the self-mode-locking operation regime is found theoretically 
to be quite low and accessible by experiments, in contrast with 
the high instability threshold in the two-level lasers. 
Bistability was found too. Likforman et al [28] proposed that 
RNGH instability, leading to self -mode-locking, in a band-model 
accounts for the self-mode-locking in Ti： Sapphire laser. 
2.4.7 Hysteresis Phenomena in Switching the Cavity Detuning 
Narducci et al [50] have performed detailed linear stability 
analysis to detuned homogeneously broadened two-level ring lasers. 
In this section we will briefly described their theoretical 
approach and the experimental results. There are two different 
types of instabilities f ound when the cavity detuning, as a 
controlled parameter, is switched. By "control parameter", we 
mean that it is kept constant in the course of the dynamics and it 
can be "switched" in the sense that we can preset it to any value 
before the dynamics "starts". We have also demonstrated that 
mode-jumping (as the cavity detuning is switched, the laser will 
switch abruptly from one operation mode to another) effects can 
also be found by using the Maxwell-Bloch equations in the 
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thin-sheet-gain approximation (section 3.4.2). 
Before going into the more rigorous treatment, we consider 
the coupled nonlinear oscillators model [40,43]. The laser is in 
two-mode operation and the cavity modes are coupled by 
cross-saturation only. The amplitudes of the cavity modes are 
described by eqn. (2.3.4). Assuming that the coefficients L,s’ 
G’s, S,s and C,s are real, we can write 
+ = (Gi- Li) Ii - Sili2 - c y i l 2 , (2.4.7.1a) 
= ( G r V I2 _ - S i V i . (2.4.7.1b) 
Note that G and G depend on the cavity detuning 5 ： if the 
1 2 AC 
cavity detuning makes cavity mode 1 be closer to the atomic line 
centre, G will be greater than G ； and vice versa. Two different 1 2 
cases can be distinguished and are referred to as strong and weak 
coupling cases, corresponding respectively to C^ C^^ ^ > S^ S^  and 
C12C21 < Phase space trajectories (plotting vs I^) 
corresponding to these two cases are plotted in Fig.2.4.7.1(a) and 
Fig.2.4.7.1(b). 
Fig.2.4.7.1 Phase Space Diagrams for the Light Intensit ies 
I and I : (a ) weak coupling, (b) strong coupling. 1 2 
The slant lines r^  and 厂^  are defined respectively by 
S I + C I = G - L , (2.4.7.2a) 
1 1 12 2 1 1 
S I + C I = G - L , (2.4.7.2b) 
2 2 21 1 2 2 
and we are interested in the cases that 厂 and 厂 have point of 
1 ^ 
intersection. This corresponds to the non-trivial case, in which 
more than one mode is stable. 
On r and the I -axis, I vanishes; while on 厂 and the 
1 2 1 2 
I -axis I vanishes. Therefore, three possible points of steady 
1 2 







































































































































































































































































































































































the 厂1 and r^. H and K are intersection points o f � a n d the 
Ii-axis’ 厂2 and the I^-axis respectively. H and K represent cw 
operations of mode 1 and mode 2； and P represents coexistence of 
two modes. 
Whether P, H and K correspond to observable operations of the 
‘ laser depends on whether they are stable solutions. That is, 
whether they are stable against perturbations. We will consider 
soft perturbation only (i.e. infinitesimal perturbation). The 
linear stabilities (i.e. stability against soft perturbation) of 
P, H and K can be easily found if we noted that 1) any points left 
of 厂 1 will move to the right and right of 厂丄 will move to the 
left, 2) any points above 厂 will move downward and below 厂 will 
2 2 
move upward. So, in Fig.2.4.7.1(a), P is the only stable 
operation; while in (b), both H and K are stable operations and P 
is unstable. That means that two-mode operation is possible only 
in the case of weak coupling. There is bistability in the case of 
strong coupling, i.e. whether H or K can survive depends on the 
past history. For example, if the initial condition is a point in 
the basin of attraction of H, then H will survive. 
Let's now consider the case of strong coupling. Note that if 
r and r have no intersecting point in the first quadrant, 
上 
bistability will disappear and only one cw operation is stable. 
Suppose that the laser is operated at H initially and we switch 
the cavity detuning adiabatically such that the atomic line centre 
is getting closer to mode 2. Hence, G is decreasing and G is 
1 2 
increasing. Then, point H will approach and finally pass through 
a critical point in Fig.2.4.7.2. After passing through C, H will 
no longer be stable and mode jumping from mode 1 to mode 2 will 
take place. This situation is illustrated in Fig. 2.4.7.2. 
Hysteresis will be f ound in switching cavity detuning, starting 
from the coupled nonlinear oscillators model. 
Fig.2.4.7.2 Hysteresis in Switching the Cavity Detuning 

























































































exhibited in a homogeneously broadened two-level ring laser model. 
When the gain is high enough and the mode spacing is not too 
large, there will be more than one cavity modes lying under the 
unsaturated gain curve, as shown in Fig.2.4.7.3. Another way to 
represent the above statement (and hence Fig.2.4.7.3) is to plot 
each of steady state solutions (there may be many but, in general, 
not all of them are stable) against the cavity detuning, as shown 
in Fig.2.4.7.4. Each of the curves is called an operation curve. 
The operation curves may or may not overlap in their intermediate 
region but we will consider the non-trivial situation in which the 
operation curves do overlap. 
Fig.2.4.7.3 Modes under the Unsaturated Gain Curve 
Fig.2.4.7.4 Two Operation Curves Overlapping in the Intermediate 
Regions. 
Fig.2.4.7.5 Stability Domain of the CW Solutions 
Assume that the gain is small enough that no RNGH instability 
or Lorenz-Haken instability can be reached. Narducci et al. [50] 
have found that two different situations can occur. 
Fig.2.4.7.5(a) and (b) show the stability domains of j = 0 and 
j = 1 operation mode (corresponding to j = 0 and j = 1 in 
eqn.(2.4.2.3)). The j = 0 operation mode is stable over the range 
of cavity detuning (0, 5 ) and j = 1 is stable over the range (5 , 
0 1 
a). In Fig.(b), when the cavity detuning is between 3 � a n d 
self -pulsing is expected and, in fact, numerical integration of 
the complete Maxwell-Bloch equations confirms this expectation. 
We are more interested in the situation represented in (a) as it 
is more related to a MMML laser. An adiabatic detuning scanning 
in (a) will lead to discontinuous jumps between the steady states. 














































































































































































































































































































situation represented in (a) is usually flavored by a small value � 
of y and the situation represented in (b) is usually favoured by 
the situation where i is of the order of unity. 
A numerical simulation of the adiabatic detuning scanning 
have been performed by Narducci et al [50]. The procedure of the 
simulation is: by fixing the value of the cavity detuning, the 
Maxwell-Bloch equations are integrated to obtain the steady state 
solution; then switch the cavity detuning by a small amount 
(one-seventh of a FSR) and integrate Maxwell-Bloch equations 
again. If the critical point is not passed (6^ for j = 0 
operation curve, e.g.), the time required to attain the steady 
state is short and the time scale of the variation of the 
intensity during the transient is long compared with the 
reciprocal of the mode spacing a. However, if the critical point 
is passed, both modes j = 0 and j = 1 coexist during the transient 
and a beat of frequency a was observed in the simulation. The 
period of the transient depends on how far are the initial state 
and the final state from the critical point. Due to the critical 
slowing down, the period of the transient can be infinitely long 
if they are infinitely close to the critical point. Experiment in 
high pressure CO laser was performed by Narducci et al [50] to 
verify their theory. They varied the cavity length by attaching 
a PZT translator to one of the cavity mirrors. The positions of 
the cavity modes under the gain curve would be changed and hence 
the cavity detuning could be increased (or decreased) in a 
controlled manner. The experimental results are consistent with 
the their theory. The operation of the laser followed a certain 
mode and then, after the cavity detuning had passed through a 
critical point, the operation of the laser changed to another 
mode. The transient in between the two operation modes was found 
to consist of mode-locking-like pulses (beating between the two 
cavity modes). By switching the cavity detuning backwards, a 
hysteresis loop was found. 
We have performed similar simulation with the Maxwell-Bloch 
equations in the thin-sheet-gain approximation (section 3.4.2). 
Similar results were found, which indicates that thin-sheet-gain 
approximation can be utilized in studying related phenomena. 
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Besides switching the cavity detuning adiabatically, we have also 
implemented a numerical simulation in another way： we increased 
the cavity detuning linearly in time but slowly. By slow, we mean 
that time scale of the change of the cavity detuning is long 
compared with the time required for the transient to die out, 
provided that mode jumping has not occurred. Similar results were 
also obtained as expected. 
In the following section, we will refer to this kind of mode 
jumping as detuning-induced mode jumping. It plays a central role 
in our newly proposed physical mechanism behind the MMML lasers. 
The hint on the relationship between detuning-induced mode jumping 
and MMML is that the laser system used by Narducci's experiment 
is, in fact, a moving-mirror laser, which is operated in a very 
slow speed regime. Beating of period being approximately equal to 
the cavity round trip time was found. That may account for the 
appearance of mode-locked giant pulses as observed by others who 
have studied similar laser systems in the context of MMML 
technique. The mode-locked giant pulse observed is not due to 
"Q-switching" but have a more in-depth origin. In this line, it 
is also natural to ask what will happen if we further increase the 
translation speed of the cavity mirror. One important aspect of 
the results obtained by Narducci et al (also demonstrated in 
simple intuitive coupled nonlinear oscillators model) is that 
operation curve (for example j = 0) does lose its stability before 
its intensity becomes zero (i.e. not the whole curve F^  in 
Fig.2.4.7.4 is stable but it loses its stability at C). We shall 
explain this point further in the section 3.3.3. 
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CHAPTER 3： MOVING-MIRROR " M O D E - L O C K I N G " 
In this chapter, we will start our discussion on the problems 
of Moving-Mirror "Mode-locking" (MMML) technique. We will f irst 
review conventional laser mode-locking methods. Some of the 
recent developments will be reviewed. This will help to elucidate 
the fundamental differences between the conventional and the MMML 
techniques in ultrashort pulses generation. Then we will have a 
review on the MMML lasers. Both experimental and theoretical 
works will be included. The close connection between the MMML 
laser systems and the frequency-shifted feedback cavity (FSFC) 
laser systems will then be established. The coming section is 
devoted to our newly proposed physical explanation to the MMML 
mechanisms. In the light of the proposed physical picture, we 
have performed numerical simulations using the Maxwell-Bloch 
equations in the thin-sheet-gain approximation. The results are 
found to be consistent with the experimental ones reported by 
various authors. We have also identify some operation regimes 
which have not been found (neither theoretically or 
experimentally) before. We will report those results in later 
sections. 
3.1 Conventional Laser Mode-Locking 
3.1.1 Preliminaries： What is Mode-Locking (Conventional) 7 
[37-43] 
Mode-locking (in sections under 3.1, unless otherwise stated, 
mode-locking refers to a conventional one) involves locking of 
two quantities： the beat frequencies between adjacent pulled (or 
pushed) cavity modes and the phases relations between different 
cavity modes. When a quantity is locked, we mean that it is 
stable against perturbations. 
We have demostrated that, in general, the oscillation 
frequencies of the cavity modes will be different from their 
eigenvalues of the unloaded cavity. The degree of departure may 
depend on various lifetimes of the laser and may depend on the 
amplitudes of cavity modes (in the case of multimode operation) 
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through the nonlinearities in the laser. Therefore, the cavity 
modes usually oscillates in incommensurable frequencies. By 
"incommensurble", we mean that they are relatively prime: if n's 
are integers such that 
= 0 ’ 
where Q*s are the frequencies, then n's are all vanishing. The 
laser is said to be oscillating quasi-periodically： the pattern of 
the output intensity will never repeat itself in a later time even 
though its spectrum consists of discrete, sharp spikes. It is 
undesirable in most applications. 
However, it was saved by the nonlinearity of the laser (maybe 
provided by the active medium itself or by an additional nonlinear 
element). Consider that three modes (1’ 2 and 3) are oscillating, 
with frequencies (i = 1, 2, 3). As demostrated in eqn.(2.3.6), 
the nonlinearity gives rise to the term b^ b* (in last summation. 
2 3 ‘ 
take l=m=2 and n=3), which is oscillating at a frequency 2u) - u). 
2 3 
This frequency is close to but not necessarily equal to the 
oscillation frequency of Now, for the sake of simplicity, we 
regard the position of � and o) are fixed and their respective 
2 3 2 * amplitudes are constant in time. Then the b b term can be 2 3 
regarded as a driving force to a van der Pol oscillator (modelling 
the amplitude of mode 1). It is well known that, in a 
harmonically driven van der Pol oscillator, when o)^  is 
sufficiently close to the driving frequency, o)^  will be suddenly 
locked to the driving frequency [43,41,85]. Therefore, if the 
beat frequencies between adjacent cavity modes are sufficiently 
close to each others, they will be locked to a common value. 
One way to describe the above result is that: modulation due 
to the beating of different cavity modes creates sidebands to each 
cavity mode. If the respective sidebands are sufficiently close 
to the frequency of corresponding neighbouring cavity modes, the 
sidebands and the neighbouring cavity modes can have sufficient 
attraction to fuse themselves. Note that the injection signal 
/ 
(i.e. the driving force) can also be supplied by an external 
modulation at a frequency sufficiently close to the mode spacing � 
a. 
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Another quantity that is crucial to laser mode-locking is the 
phase relations. (Note that the phases themselves are perturbed 
by various noises and are not locked to a fixed value： drifting of 
phases is possible; but the relation between them are fixed if the 
laser is mode-locked.) If the phase differences between different 
cavity modes are random, then no periodical pulse will be 
obtained. In order to lock the phase differences, the cavity 
modes should have some means to communicate with each others. In 
a conventional mode-locked laser, sidebands of the originally 
existing cavity modes take up this role: as the sidebands of a 
particular cavity modes are coincident with the adjacent ones, 
there can be considerable exchange of energy between them. 
The consequence of the locking of adjacent modes is that a 
single optical pulse is travelling around inside the laser cavity. 
When it hits the output coupler, some of its energy will leak out 
from the laser cavity. As the intracavity optical pulse hits the 
ouput coupler approximately once per T, the output intensity has a 
period of T. It is also possible that there are more than one 
optical pulses travelling inside the laser cavity, e.g. two. This 
doubles the repetition rate of the output pulses and can be 
accounted for by suppression of odd modes (more pulses inside, 
more modes suppressed). 
3.1.2 Active Mode-Locking and Passive Mode-Locking 
Both beat frequencies locking and phase differences locking 
require modulation at a frequency close to a. When the modulation 
is provided by an external active device, the laser is said to be 
actively mode-locked (or forced mode-locking in early literature) 
[37,1,2]. An AOM driven by a rf generator can be deployed to 
ful f i l the required modulation frequency. It was reported in the 
literature that laser mode-locking was demostrated by vibrating 
one of the cavity mirrors at a [21]. External modulation can be 
classified under two categories, namely, amplitude modulation (AM) 
and frequency modulation (FM) [38,35]. In AM modulation, the AOM 
is used to diffract the light path periodically and thus the 
cavity loss will change at that frequency. In FM modulation, the 
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role of the AOM is different： its refractive index is modulated by 
a rf generator and thus the optical path length, and hence the 
eigenfrequencies of the cavity modes are varying. 
An alternative way to archieve AM mode-locking in a laser 
system is synchronuous pumping [37]. In this case, we are 
modulating the gain instead of the cavity loss. A mode-locked 
laser is used as a pumping source of our laser system. If we tune 
the cavity length of the two lasers such that both of them have 
the equal cavity length, then the gain of the pumped second laser 
will modulate at the desired frequency. Active mode-locking can 
be resulted, too. 
AM mode-locking can be explained in time domain analysis. 
The AOM can be regarded as a shutter which opens itself 
approximately once per each cavity roudtrip time. An optical 
pulse inside the laser cavity travels with the same period and if 
it arrives at the shutter when it opens, then, from the viewpoint 
of that optical pulse, the shutter does not exist at all. All 
other pulses in the optical cavity will be suppressed. 
If modulation is provided by the optical pulse(s) inside the 
laser cavity together with the nonlinearity of the laser, the 
laser is said to be passively mode-locked. The nonlinearity may 
be supplied by the active medium itself. If it is the case, then 
the laser is said to be self-mode-locked. We have already 
demonstrated self-mode-locking of the RNGH type and detuning 
induced instability type in Chapter 2. They usually require a 
high level of pumping. 
In order to lower threshold pumping power f or passive 
mode-locking, a nonlinear element which has higher nonlinear 
susceptibility (compared to that of the active medium) can be 
inserted into the laser cavity (or couple the laser to a nonlinear 
external cavity, we will describe it later). Saturable absorbers 
(a dye, for example) have been (and are still) widely used. 
Saturable absorbers can be classified under two categories： fast 
and slow saturable absorbers [37]. A fast saturable absorber is 
one that recovers on a time scale much shorter than the pulse 
44 
width; otherwise, it is a slow saturable absorber. The action of 
the saturable absorber can be easily explained in time domain 
analysis. For fast saturable absorber inside the laser cavity, 
the attenuation due to the saturable absorber will be given by 
L = L [ 1 + , A O I 
s J 
I 
where is the saturation intensity of the saturable absorber and 
LQ can be regarded as unsaturated (or small signal) attenuation. 
I(t) is the intensity of the optical pulse at the saturable 
absorber at time t. If an optical pulse is passing through the 
saturable absorber, the part with higher intensity will experience 
less absorption while the "wings" of the pulse will be absorbed 
more (by percentage). This results in a net shortening of the 
width of the pulse. 
In the case of a slow saturable absorber, the recovery time 
of the absorber may be comparable to the pulse duration or even 
longer. So, it is the later part of the optical pulse experiences 
less attenuation. This is exactly what is happening in a 
passively mode-locked dye laser (using dye as the saturable 
absorber). Ultrashort pulses, however, can still be generated in 
this situation. The reason is that the gain is also saturated 
slowly: the saturable absorber will absorb the front edge of the 
optical pulse more than the trailing edge； while, on the other 
hand, the trailing edge will obtain less amplification from the 
active medium. Therefore, the combined action of the saturable 
absorber and the saturable gain causes the net shortening effect. 
The rapid development of novel laser mode-locking techniques 
is evident. Apart from inserting the nonlinear element into the 
laser cavity, we can couple a laser to an external cavity with a 
nonlinear element placed inside, simply by adding an additional 
mirror to reflect the "output" from the output coupler back to the 
laser cavity after passing through a nonlinear element [29-33]. 
The transmittance of the output coupler of the laser ‘ cavity is 
usually larger so that the coupling between the laser cavity and 
• the external cavity can be enhanced. This technique of passive 
mode-locking was referred to as additive-pulse mode-locking (APM) 
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in the literatures and has attracted much attention recently. The 
laser cavity is also called the main cavity. 
It was once believed that the mechanism behind APM was due to 
soliton formation [31] but later theoretical and experimental 
works [29] have shown that soliton formation was not essential to 
APM lasers. To illustrate the mechanism behind an APM laser； we 
consider an optical fibre being inserted into the external cavity. 
The optical f ibre in the external cavity is used to provide 
self-phase-modulation, i.e. an intensity-dependent additional 
phase will be given to the electric field. Therefore, a 
non-uniform phase shift will be added to an optical pulse: the 
•more intense part will obtain more shift and the "wings丨，of the 
optical pulse will not be changed significantly. The length of 
the external cavity matches the main cavity up to (m + 1 / 2 ) 入 ’ 
where m is a small integer and A is the wavelength of the optical 
pulse. When the non-uniformly phase shifted optical pulse is fed 
back to the main cavity, it will combine interferometrically with 
the travelling optical pulse in the main cavity. The result is 
that the "wings" of the two optical pulses will interfere with 
each other destructively while the peaks contructively. Thus, a 
shorter pulse will be obtained. 
Note that other types of nonlinearities can be used in place 
of self-phase modulation [33]. For example, a saturable optical 
amplifier can be used. A saturable absorber can also be adopted, 
too, with the matching condition of the lengths of the main cavity 
and the external cavity modified: the difference should be m入. In 
the former example, the part with higher intensity will be 
amplified less. But the interference between the two optical 
pulses is completely destructive. Therefore， the wings of the 
optical pulse will lose their energy more. Again, this leads to 
pulse shortening. 
Note that, as interferometric matching between the optical 
pulses inside the main cavity is required, the lengths of the main 
cavity and the external cavity should be controlled well within a 
wavelength. An active length stabilization against thermal drift 
and mechanical vibration is necessary and this complicates the 
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experimental setup. 
The nonlinear external cavity can be regarded as a fast 
saturable absorber: a higher intensity leads to contructive 
interference or comparatively less destructive interference, and 
hence a smaller effective loss. That means that an "equivalent 
saturable absorber" can be built from other nonlinear devices. 
Following this line, passive mode-locking methods using intracvity 
second harmonic generation (SHG) [22,23] and using Kerr leasing 
effects (including both self-focusing and self-de focusing) [15-17] 
were cleverly invented. 
In mode-locking method using SHG [22,23],' a SHG crystal is 
inserted inside the laser cavity. The mirror placed behind the 
SHG crystal is dichloric： it has dielectric coatings such that the 
second harmonic (SH) of the lasing frequency will be highly 
- reflected while reflectivity at the fundamental lasing frequency 
smaller. That is, the fundamental is lossier than the SH at the 
dichloric mirror. As the fundamental coming from the active 
medium passes through the SHG crystal, SH is generated from the 
fundamental. The distance between the SHG crystal and the 
dichloric mirror is designed such that the energy flow between the 
fundamental and SH is reverse: difference-frequency generation is 
enhanced by the phase condition. The combination of SHG crystal 
and the dichloric mirror acts as a "nonlinear mirror". If the 
intensity of light shining on this "nonlinear mirror" is higher, 
then reflectivity will also be higher as more SH, which is less 
lossy at the dichloric mirror, is generated. Therefore, the 
combination of SHG crystal and the dichloric mirror with suitable 
separation plays the role of a fast saturable absorber. 
Another way to produce saturable-absorber-like action is 
using Kerr lens effect (the method of corresponding mode-locking 
technique is referred to as Kerr lens mode-lockingy KLM in short). 
A nonlinear crystal with Kerr lens nonlinearity is placed before 
one of the cavity mirrors. Different light intensity on the 
crystal causes different degree of self-f ocusing (or self 
-defocusing). The curvature of the cavity mirror behind the 
nonlinear crystal is chosen such that higher degree of self 
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-focusing (or self-defocusing) will experience less loss. Thus, 
lower intensity experiences higher loss (by percentage). The 
combined action of the Kerr Lens nonlinear crystal and cavity 
mirror with specially designed curvature resembles that of a fast 
saturable absorber. 
Alternatively, to implement KLM (self-focusing is utilized), 
a simple aperture or a micro-dot mirror can also be used [17]. If 
the intensity is higher, then the self-focusing effect will be 
increased and a larger portion of the light beam can pass through 
the aperture and be reflected. Again, the KLM element together 
with the aperture can be regarded as a saturable absorber. 
Some authors [14,15,18,19] have suggested that Kerr lens 
nonlinearity can be provided by the active medium itself. As no 
additional nonlinear element is introduced into the laser cavity, � 
the laser is said to be self-mode-locked. KLM self-mode-locking 
is used to account for the self-mode-locking in Ti: Sapphire 
lasers. The Kerr lens nonlinearity was found to be insufficient 
to initiate mode-locking. Therefore, to start the pulse 
generation, one of the cavity mirror has to be tapped. It is 
equivalent to Q-switch the laser. Higher intensity can be 
generated to initiate Kerr lens nonlinearity. 
The active medium was regarded as a simple optical amplifier 
in their studies of self-mode-locking in a Ti： Sapphire laser. We 
have already indicated that the RNGH instability can take place in 
lasers in which the active media have a band structure, at an 
experimentally accessible instability threshold. The consequence 
of RNGH instability is also self-mode-locking. No Kerr lens 
nonlinearity is necessary in such case (in the related theoretical 
studies, the transverse mode effects were completely neglected and 
hence no Kerr lens nonlinearity was included). We are not sure 
whether the Kerr lens nonlinearity or RNGH instability plays the 
dominant role. Further investigations should be carried out to 
answer this question. However, what we want to emphasize are that 
self-mode-locking does not necessarily require Kerr lens 
nonlinearity and RNGH instability or RNGH related phenomena in 
Ti:Sapphire lasers could play an important role (i.e. the details 
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of the active medium play a role). 
•3.L3 Spectra of the Outputs of Conventional Mode-Locked Lasers 
As evident in the above discussion, the output electric field 
of a conventionally mode-locked laser has the form 
F(t) = Z An e “ � � + 
n 
where A is the time independent mode amplitude, w is the 
o 
frequency of one of the lasing modes, a^  is the mode-pulling (or 
pushing) modified mode-spacing. F(t) has the period of 2n/a and 
hence the Fourier spectrum of F(t) (plotting the square of the 
modulus of the Fourier transform of F(t) against the frequency) 
should consist of sharp spikes separated by a .^ The Fourier 
spectrum of F(t) can be measured by means of a Fabry-Perot 
spectrometer and is sometimes called the 厂ab厂y—Perot spectrum 
(FPS) [6]. The intensity of output field |F(t)|^ is expected to 
have the same periodicity and its Fourier spectrum resembles that 
of its FPS. The Fourier spectrum of the intensity can be measured 
by feeding the electric signal from a photodiode to a RF spectrum 
analyzer. It is sometimes referred to as RF spectrum (RFS). 
The auto-correlation function G(T) of F(t) is defined as 
G(T ) = � F ( t ) F ( t + T ) � ， 
where < ... means averaging over t. By the autocorrelation 
theorem, the Fourier transform G(w) of G(T) is related to the 
Fourier transform f(w) of F(t) by [75] 
G(A ) ) = , 
In conventionally mode-locked lasers, | F(a)) | ^ consists of sharp 
spikes at multiples of a. Therefore, G(T) will also be periodic 
function with period 2n/oc, with peaks at 2n/a and its multiples. 
Introduction of noise to F(t) will make the heights of the peaks 
of G(T) monotonically decrease as the time lag T increases.-
The above results seem trivial but is worthwhile mentioning 
here because we will find that the situations are different in 
MMML lasers. 
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3.2 Moving-Mirror Mode-Locking 
3.2.1 Historical Notes 
It has been demostrated in the previous section that when the 
cavity length (or optical path length) of a laser is modulated at 
frequency sufficiently close to a, pulses of period approximately 
T can be resulted. It is what is referred to as mode-locking. It 
is surprising that, if, instead of modulating the cavity length at � 
a, we translate one of the cavity mirrors linearly along the 
cavity axis, mode-locked pulses could be obtained, i.e. the period 
of the pulses is closely related to T (e.g. equal to T or T/2 
approximately). We refer this as the moving-mirror mode-locking 
(MMML) method. This method of laser mode-locking has attracted 
much attention in mode-locking Ti: Sapphire lasers recently for its 
simplicity and low cost. Pulses as short as a few tens of 
femtosecond can be obtained easily with intracavity pulse 
compression by a pair of gratings or prisms (which provide 
negative group velocity dispersion, GVD) [3]. 
Fig.3.2.1.1 P. W. Smith's Experimental Set-up 
MMML is not a new mode-locking technique. It was first 
demostrated in a He-Ne laser by P. W. Smith [1] more than two 
decades ago. One of the cavity mirrors in Smith's system was 
mounted on an air track and was driven by a motor. The 
experimental set-up is shown in Fig.3.2.1.1. Operation regimes 
was identified, namely: mode-locking could be archieved if the 
speed of the translating mirror (we call it the sweeping speed) 
was high enough (greater than certain threshold sweeping speed); 
pulse period approximately equal to T/2 {period-T/2 region) 
emerged bewteen the period-T region and unlocked region if the 
pumping power was high enough. Further work by A. Bambini and P. 
Burlamacchi [2] has demostrated that superimposed modulation of 
the pulse train was found (i.e. the peaks of the pulses form an 



































































































































































































































































































sweeping speed, beyond which the laser could no longer sustain its 
oscillation (output intensity would then be equal to spontaneous 
emission emitted by the active medium). The operation regimes are 
sumarized in Fig.3.2.1.2. Note that, in the setup of Bambini et 
ai, the moving mirror is oscillating at low frequency (25Hz’ 
active mode-locking requires modulation frequency typical of a few 
hundred MHz) and the maximum speed is not too high (about 50 cm/s) 
and therefore the change of the velocity of the moving mirror is 
small in time scale typical of the laser dynamics (which is at 
most of the order of fxs). Hence, in the experimental setup of 
Bambini et al, we can assume that quasi-equilibrium is always 
attained. 
Fig.3.2.1.2 Operation Regimes of a MMML laser 
Smith has used a scanning interferometer to measure the 
spectra of the output field (i.e. the Fourier spectrum of F(t) was 
measured) and he found that, as he translated one of the cavity 
mirrors, the display of the scanning interferometer become 
"solid". 
Later on, not much attention has given to this laser mode 
-locking technique until recently. In APM method proposed 
recently, the main laser cavity is coupled to an external cavity 
which contains a nonlinear element (a nonlinear external cavity). 
Kelly [10] started to study theoretically the effects of linear 
external cavity (i.e. without any nonlinear element placed inside 
the external cavity). French et al. [11] has built a Ti:Sapphire 
laser with linear external cavity. They found that no mode-locked 
pulses could be obtained, unless they translated the mirror of the 
external cavity. They related their work to that of Smith. This 
simulates more researches on this topic. Instead of coupling the 
laser to a linear external cavity with varying length, Liu et al 
[3] directly moved a cavity mirror of laser main cavity itself and 
no external cavity is coupled. With intracavity dispersion 
compensating element inserted (i.e. a pair of prisms) pulses as 






























































































































































































dependence of the threshold sweeping speed on the gain parameter. 
Their result is different from that in He-Ne (Smith's result)： in 
Smith's MMML He-Ne laser, the threshold sweeping speed increases 
with gain parameter; while, in Ti： Sapphire laser, Liu et al, 
reported that the sweeping speed decreases with the increase of 
the gain parameter. 
A similar laser system, the FSFC (short form of 
frequency-shifted-f eedback cavity) laser [4-9] which is closely 
related to a MMML laser, was studied in the context of broadband 
laser. In FSFC laser, an AOM is placed inside the laser main 
cavity to upshift or downshift the frequency of the optical pulse 
passing through it. That is to say, if F^(t) is the input optical 
field, then the field after passing through it will be equal to 
F (t) = F ( t ) 产 ， 
o i 
where Q is the frequency upshift or downshift by the AOM 
(depending on the sign of Q). The original purpose of a FSFC 
laser was for producing intense broadband laser light: the mode 
structure (here "mode" refers to frequencies of the output field) 
will be destroyed by the AOM as the frequency selecting capability 
of a Fabry-Perot cavity will be upset. Kowalski et al [4], to our 
knowledge, built the first FSFC laser. A dye laser with ring 
configuration was adopted. A schematic diagram of their setup is 
shown in Fig. 3.2.1.3. It is also referred to as a modeless laser. 
Fig.3.2.1.3 Schematic of the FSFC Dye L a s e r . M1-M4, Mirrors; 
DJ, Dye Jet； AC, Ast igmat ism Compensator. 
A series of experimental works have been carried out by 
various authors especially Kowalski and coworkers [4-6] and later 
by Littler et al [7-9]. Ultrashort optical pulses were obtained 
(different periods of repetition, T，T/2, T/3, etc obtained from 
different sweeping speed). The most remarkable result is that, in 
mode-locked operation regime, the measured RFS (radio frequency 
spectrum) consists of sharp spikes separated by a or its multiples 

































meaning of "broadband spectrum" is not precise. Loosely speaking, 
when a spectrum consists of distinct sharp peaks which exceed the 
"continuous" background by several orders of magnitude, the 
spectrum cannot be regarded as "broadband". Otherwise, if no such 
peaks exist, the spectrum is "broadband". The broadband nature of 
the output optical field was further supported by its ability to 
cool down beams of metastable neon atoms with different 
velocities. 
Being stimulated by research on the effects of a passive FSFC 
("passive" means no active medium is inserted), they further found 
that, if the frequency shift per roundtrip (n) satisfies the 
so-called resonance condition, fine structure in the FPS could be 
obtained [6]: broad peaks were found at Q and its multiples. The 
resonance condition can be regarded as the matching of the mode 
spacing of the unloaded cavity and the frequency shift： n / & is 
required to be a "simple" fraction. (Here we have modified the 
resonance condition a little bit. In the original proposal of 
Kowalski et al, the resonance condition is that Q / a is a 
rational number. However, if fine structrue can be found only if 
^ / a is a rational number, an infinitesimal mismatch between Q 
� 
and a will smear out the fine structure. In their experiment, 
they have found that fine structure in the FPS could be obtained 
even in the presence of finite mismatch. In fact, we have found 
that no fine structure can be found at Q/a = 0.17 which is a 
rational number.) 
Kowalski et al have also measured the auto-correlation 
functions of the output pulses, for different Fabry-Perot f i lter 
inserted into the laser cavity [5]. The auto-correlation 
functions are narrower if a bandpass fi lter is inserted. The 
reason for this behaviour is not known. 
Further works along this line have been performed by Littler 
et al [7-9] recently. It is well-known that a stabilized laser 
beam injected into another laser cavity can stabilize the output 
field of secondary laser (however, injected signal can also cause 
laser instabilities or even chaos) [67,56]. In the literature, i t 
is referred to as laser with injected signal (LIS). Littler et al 
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have studied the effects on a FSFC laser with a stabilized 
injected laser beam. With the injected signal, the broadband 
operation is switched to a spectrum of of discrete components. 
The result is clearly shown in Fig.3.2.1.4. 
Fig.3.2.1.4 D i f f e r ences between the Outputs of a FSFC Laser 
with or without Injected Signal. 
They have found that the spacing between the spikes is equal 
to Q (80 MHz in their investigation). Thus, by varying the 
frequency shift by the AOM, the spectrum of the FSFC laser with 
injected signal can be tailored. 
Bef ore ending this section, we would like to mention in 
advance that, as a matter of fact, a FSFC laser can be regarded 
effectively as a MMML laser if an effective cavity detuning is 
defined for the FSFC laser. We shall discuss this point in detail 
in a section 3.3.1. The point to mention their equivalence is 
that all the results discussed above can equally apply to both 
FSFC lasers and MMML lasers. After the equivalence is established 
in a later section, the terms "FSFC" and "MMML" will be used 
interchangeably. 
3.2.2 Previously Proposed Explanations 
It is obvious that AM or FM modulation at 1/T can make the 
output of a laser pulsate at approximately the same frequency. It 
does satisfy our common sense. On the other hand, it is not so 
clear why mode-locking can be achieved in MMML and FSFC lasers. 
The frequency of the optical pulse inside the cavity will be 
frequency-shifted by Q, which is much smaller than a in the 
experiments. Therefore, it is not simple FM active mode-locking. 
The theories proposed to explain MMML and FSFC mode-locking can be 
classified into two main categories, namely, those based on 
self-mode-locking, and those based on the proposal that MMML laser 






















































































































































































































To our knowledge, first proposal on the mechanism of MMML was 
due to Bambini et al. [2]. In the early 60s, self-pulsing (i.e. 
self-mode-locking) in gaseous lasers was already discovered. 
Bambini et al asserted that the phase relations of cavity modes of 
self-mode-locked lasers would be upset by the interactions between 
the cavity modes and the ef fect of moving one of the cavity 
mirrors is to sweep the modes through the gain curve faster than 
the interaction time. Self-mode-locking would then be retained. 
However, as we know, self-mode-locking is due to the nonlinear 
interactions between the cavity modes: both the beat frequencies 
and the phase differences of different cavity modes are locked 
together against noise by their energy exchanges. In fact, if 
coupling between different cavity modes is absent in a MMML laser, 
it cannot sustain itself (we shall explain this point further in 
discussing the second category of theories). 
In Kerr lens mode-locking (KLM) as described before, if the 
Kerr nonlinearity is provided by the active medium itself, then 
some researhers refer it also as self-mode-locking [3,14,18,19]. 
Much attention was given to this novel mode-locking technique. 
However, usually KLM type self-mode-locking is not self-starting 
(in fact, it can be explained by the fact that self-mode-locking 
regime is bistable with the cw regime)： one has to give some kind 
of disturbance (such as tapping the cavity mirrors) to start 
pulses generation [28]. Moreover, the self-mode-locking operation 
is extremely sensitive to any mechanical noise present. Different 
methods have been used to maintain the mode-locking. One of the 
methods employed to actively stabilize the output pulses is to put 
an active mode-locker (e.g. an AOM) inside the laser cavity. A 
photo-dectator is used to monitor the output intensity. If the 
mode-locking is disturbed, it will give a signal to switch on the 
AOM inside the laser cavity. 
Being stimulated by this developement, various authors [3, 
14] proposed that different mode-locking techniques are, in fact, 
providing "initial" disturbance or to Q-switch the laser to 
produce sufficiently intense giant pulses, which are able to 
induce Kerr lens nonlinearity for KLM type self-mode-locking. A 
typical example is the insertion of a dye jet (a saturable 
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absorber) in the laser cavity, and moving one of the cavity 
mirrors. The dye solution is not concentrated enough to passively 
mode-lock the laser and it was proposed that the action of the 
saturable absorber is to provide self-Q-switching (or passive 
Q-switching), as proposed by Sarukura [18]. In the case of MMML 
lasers, Rizvi et al [12]’ Liu et al [3] have proposed that the 
. consequence of moving one of the cavity mirrors is the generation 
of Q-switched giant pulses inside the laser cavity, which are 
intense enough to start the KLM type self-mode-locking. MMML 
lasers, at least in MMML Ti: Sapphire lasers, are essentially of 
KLM self-mode-locked type. 
Explaining MMML by KLM self-mode-locking is not completely 
satisfactory. Firstly, MMML works in a wide range of laser 
systems, including those whose Kerr lensing effects are not 
significant. Examples are He-Ne lasers and dye lasers. Secondly, 
when a laser is mode-locked, the pulse travelling inside the laser 
cavity will be shorter or comparable to the cavity length. 
Therefore, change in Q-value of the laser cavity will not be 
experienced by the optical pulse inside; The extremely high 
stability of a MMML Ti: Sapphire laser then cannot be explained 
under the framework of KLM self-mode-locking. If the laser is 
just KLM self-mode-locked, it will continuous jump to and fro 
between the locked and unlocked states. No such jumping was 
recorded before. Thirdly, some properties of a MMML laser cannot 
be explained with this theory. One example is the structure of 
the spectra, e.g. fine structure of FPS when the resonance 
condition is fulfilled. There are no such problems in our newly 
proposed theory. We shall show that Kerr lensing is not a 
neccessary element in MMML lasers (at least it is not the key 
element in all MMML lasers). 
The theories in the second category have a common ground, 
even though it may not be stated explicitly, that a MMML is not 
self-sustaining. We shall show that noise (including fluorescence 
light from the active media and those coming from surroundings) is 
nothing critical to MMML or FSFC lasers. On the other hand, 
expecting that MMML or FSFC lasers are not self-sustaining is 
hardly surprising: it arises if we regarded the active medium is 
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an optical amplifier with well defined gain curve and some 
nonlinear effects such as gain saturation introduced. A small 
optical signal at lower (or higher) frequency will be upshifted 
(or downshifted) by the moving mirror or by the AOM. As only 
those signal with frequency components lie under the gain curve 
can be amplified, they are translated upwards or downwards (in 
frequency domain) under the gain curve, the laser operation will 
stop if there is no continuous injection of optical signal. Such 
kind of oscillators requires continuous injection of noise at the 
lower (or upper) end of the gain curve if the frequency components 
are being upshifted (or downshifted). 
Hale et al [6] proposed that pulsing in FSFC lasers can be 
explained in terms of properties of a passive FSFC (in which no 
active medium is present). A monochromatic or broadband input 
into a passive FSFC will lead to a pulsed output if the resonance 
condition that a / Q is a rational number is satisfied. Hale et 
al suggested that the broadband source is the spontaneous emission 
of the active medium. The broadband input in their numerical 
calculation is modelled by 
1 r 2 1 
E(w) = exp ^ ， (3.2.2.1) 
bVn L b -
where E(w) is the Fourier component of the broadband source at 
frequency w and b is the width of its spectrum. The problem is 
this: the broadband input is coherent, in the sense that the 
electric field is well correlated. But the signal due to 
spontaneous emssions are incoherent. The output intensity, as a 
function of time, should be integrated over a stochastic E(w). If 
it is performed, no pulse generation would be expected. Moreover, 
based on their proposal, mode-locked pulses can be obtained only 
if the resonance condition is satisfied but the experimental 
results indicate that pulses can be obtained when the sweeping 
speed exceeds a certain threshold, no resonance condition is 
required. 
Another theoretical work has been done by Littler et al. [7]. 
Their starting equations are essentially the multimode rate 
equations, with the frequencies of each mode upshifted by a fixed 
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amount of Q per each roundtrip. They have found that the 
steady-state value of the mode amplitude m (w) at frequency u is 
33 
given by 
T N r⑴ 
m ( w ) = — — — — du" Aiu") 
�~co 
T R � 
c 
X exp [B(w') N - 2k.{u>*)] , (3.2.2.2a) 
n J。" 
P T 
Nss = ’ （3.2.2.2b) 
1 + T S dw B(w) m (w) s ss 
where, from the rate equations, the population inversion is 
adiabatically eliminated. In eqn. (3.2.2), the subscript "ss" 
means steady state; N^^ is the steady-state value of the 
population inversion; T is cavity roundtrip time (i.e. T in our 
c 
notation); T is the lifetime of the population inversion; is s 
cavity loss and is assumed to be frequency-dependent; P � i s the 
pumping rate. A(a)) and B(a)) are the rates of spontaneous emission 
and stimulated emission, respectively. The physical meaning of 
eqn.(3.2.2.2a) is obvious： 1) the light at frequency w consists of 
the contributions from photons of frequencies from -co up to u (as 
the frequencies of all the Fourier components are being 
continuously upshifted); 2) on the other hand, there is no 
contribution coming from higher-frequency components; 3) the light 
fields experience amplification from the active medium (shown in 
the inner integral); and 4) most important of all, the spontaneous 
emission rate A(w") is extremely important to a FSFC laser (and 
hence MMML one). If A(w) is set equal to zero, m^^(w) will be 
equal to zero. The last point means that a MMML laser, expected 
from their theory, is sustained by spontaneous emission. However, 
there is not any mode-locked pulses in the output of the laser 
predicted from eqn.(3.2.2). 
Another author who has attempted to explain mode-locking in 
MMML or FSFC lasers is C. C. Cutler [20]. He has used the 
amplifier circuit model described in section 2.3’ which was also 
proposed by Cutler himself [34]. To study the mechanism behind 
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MMML lasers, Cutler has used a model with an amplifier with 
saturable gain, saturble loss, a Gaussian filter, a phase shifter 
(including a constant phase shift due to cavity roundtrip delay 
and time-dependent term due to the moving cavity mirror), and a 
output coupler. Noise is continuously injected into the laser 
cavity. Cutler found that, if noise is not continuously injected 
. into the laser, any finite motion (i.e. any non-zero sweeping 
speed) of the moving cavity mirror would prevent the laser 
oscillation in the long run. It is not a surprising result as 
explained above. Cutler has found that, with continuous injection 
of noise, something like pulses of period T can be found in some 
small segments of the whole time series. On the other hand, the 
laser output is not periodic if it is sampled over a long period 
of time. In some period of time，the output signal looks like 
constant. The output intensity looks like mode-locked pulses more 
if more self-modulation of the signal (due to loss and gain 
saturation) is included but the pulses are still not truely 
repetitive over long period. 
In Cutler's simulation, more regular pulses was found with 
lower sweeping speed of the moving cavity mirror. This is 
contradictory to the experimental results [1,2,3]. In addition, 
there seems no experimental evidence showing that the pulses 
obtained from MMML laser are not repetitive and synchronized in 
the long run. In fact, RF spectra show rather sharp spikes which 
otherwise should be much broadened. 
As a matter of fact, there is one basic discrepancy between 
any theory in the second category and the experimental results： if 
MMML lasers are sustained by noise while a signal can obtain gain 
for a few tens of roundtrips bef ore swept out of the gain curve, 
the intensity of output light field should not be too large, 
compared with the intensity of the noise signal. However, 
experiments indicate that it is not the case. For example, 
several hundreds of mW of average output power was obtained in a 
MMML Ti:Sapphire laser of Liu et al [3]. 
3.3 MMML Mechanism: our Proposal 
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3.3.1 Relation between MMML Lasers and FSFC Lasers 
In dealing with the problem of MMML lasers (or FSFC lasers), 
it is more convenient to work with Maxwell-Bloch equations with E 
and P redefined: ° 
o 
� = 4 - { E� ( z ’ t ) + C.C } ’ (3.3.Lla) 
P(z，t) = - ^ N m ^ I P^(z,t) - - c.c I . (3.3.1.1b) 
The motive behind rewriting E(z,t) and P(z,t) in this form is 
to remove the fast varying phase facter. u in eqn. (2.4.1.2) or 
c 
•A in eqn.(3.3.1.1) takes the role of a reference frequency. Use 
of eq.(3.3.1.1) instead of eq.(2.4.1.2) makes the reference 
frequency constant in time (in a moving-mirror laser, o) is 
c 
changing). With this choice of reference frequency, the 
Maxwell-Bloch equations become 
ar ^ 1 dF D 
一 + = - ocP , (3.3.1.2a) 
dz c dt 
dP 
= - r j _ P - y丄FD ’ （3.3.1.2b) 
dt 
dD r ^ . 
= - r | | ( D - 1) + m Re] F*P ’ （3.3.1.2c) 
dt 
with boundary condition 
F(0，t) = R F(L,t - ^ ) e^A^ . (3.3.1.2d) 
Co 
Note that the cavity detuning 5 is absent from the equation 
AC 
for P (please compare eqn. (3.3.1.2b) with eqn. (2.4.1.15b)). 
Detuning is, in this f ormalism, included in the boundary 
condition, eq.(3.3.1.2d): 
iu} T id T � 1 � � e A = e AC . (3.3.1.3) 
This phase factor governs the interferometric matching between the 
feedback light field and the oscillation of the polarization of 
the active medium. 
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depend on the details of the active media： all we have done to 
show the equivalence between FSFC lasers and MMML lasers are based 
on the boundary condition eqn.(3.3.1.2d). As a result, the 
discussions in the subsequent sessions, including our proposal on 
the mechanism of ultrashort pulses generation and numerical 
results, will be applicable to both MMML lasers and FSFC lasers. 
3.3.2 Concept of Moving Modes 
The concept of "mode" has been discussed in section 2.1.2. 
We have noted that there are several ways to interpret the word 
"mode". In this section, we restrict ourselves to the 
longitudinal modes, which are resulted from expanding the 
z-dependence of the optical field in k-space. In a moving-mirror 
cavity, we can still expand the optical field in k-space, as in 
eqn.(2.1.2.1a) or eqn.(2.1.2.1b). Neglecting the transverse mode 
e f fect by applying plane-wave approximation, we have, for a ring 
cavity 
F(z,t) = Y fm(t) e汝m⑴ z ’ （3.3.2.1) 
m 
where k (t) is related to the cavity length as k (t) = 2nm/£{t], 
m m 
where m is an integer. Expanding the optical field in the form of 
eqn.(3.3.2.1) is always possible because {exp(ik z) |m=0,l,...} is 
m 
a complete set of functions. Therefore, if the concept of "mode" 
is used in this sense, mode structure is always well-defined for a 
laser cavity (which is not too lossy [47]). Note that the 
differences between eqn. (3.3.2.1) and eqn. (2.1.2.1a) are that 1) the 
transverse mode effects are neglected, and that 2) k in 
m 
eqn.(3.3.2.1) is time dependent. There are two consequences of 
the second difference: 1) the quasi-eigenfrequencies of the cavity 
modes are varying linearly in time and hence the cavity modes are 
sweeping under the gain curve； 2) some photons in a certain cavity 
mode will be excited to the neighbouring cavity modes, i.e. hard 
perturbation (i.e. perturbation of finite size) is resulted due to 
the finite motion of the cavity mirror. Let's explain these two 
points in the following. 
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There do not exist well-defined eigenfrequencies for the 
cavity modes. As k^ is time dependent, substituting eqn.(3.3.2.1) 
into the wave equation, we will immediately find that the cavity 
modes are coupled with each other. There is a similar problem in 
quantum mechanics: solution of Schrodinger's equation for an 
infinite square well with a moving wall. The quantum analogue has 
been treated by Doesher [74] in 1969. Exact solution has been 
found for constant sweeping speed of the moving wall. Two 
approximations can be applied to the two extreme values of the 
velocity of the moving wall, namely, the adiabatic approximation 
for slow enough wall motion and the sudden approximation for the 
very fast motion. Which approximation can be applied depends on 
the relative magnitude of the roundtrip time of the particle 
inside the infinite square well and the time scale of the 
variation of width of the well. Formally identical equations will 
be obtained if slowly varying amplitude approximation is applied 
in the wave equation and in the Schrodinger's equation. Thus, we 
can borrow part of results of the quantum-mechanical analogue to 
our moving-mirror cavity. As pointed out in section 3.2.1, the 
cavity length of a MMML laser varies only by a small amount within 
the characteristic times of the dynamics variables, our problem is 
therefore closer to the limit where adiabatic approximation 
applies. Qusai-eigenfrequency can be defined： u = k c. Note 
m m 
that, as k is time-dependent, � is also time-dependent. 
m m 
Therefore, we refer to the cavity modes of a moving-mirror cavity 
as moving modes and we said that the cavity modes are sweeping 
under the gain curve in a MMML laser. 
The reason to mention this concept is that, if "mode" is used 
in this fashion, mode structure exists in a MMML laser (or 
equivalently a FSFC laser). We can still regard ultrashort pulse 
generation in moving-mirror lasers as mode-locking. The 
‘ difference between MMML and conventional mode-locking is that MMML 
is the locking of moving modes. 
As the speed of the moving mirror is finite (i.e. non-zero), 
there should be some (although maybe small) departure from the 
adiabatic approximation. A perturbation treatment shows that the 
finite motion of the moving cavity mirror will lead to hard 
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perturbation to the cavity modes, i.e. some energy of the 
originally existing cavity modes will give some of their energy to 
the adjacent modes. This finite coupling effect alone cannot lead 
to mode-locking as the sweeping speed of the cavity mirror is too 
low but it can play an important role in mode-locking if the 
nonlinear dynamical effect of the active medium enters. We shall 
come back to this point later (section 3.4.7). 
3.3.3 How are the moving modes locked ？ 
We are now ready to explain what is happening in a MMML laser 
(or in a FSFC laser). The locking of the moving modes is due to 
detuning-induced mode-jumping in a laser, which has been discussed 
in section 2.4.7. Consider the cw operation curves in 
Fig.2.4.7.4. Narducci et al [50] have identified two different 
cases in the overlapping regions (indicated in Fig.3.3.3.1): one 
is that there exist some regions in the middle parts of the 
overlapping regions where both modes are stable; another is that 
there exist some regions in the middle part of the overlapping 
regions where both modes are not stable. In the later case, if 
the value of cavity detuning f alls into one of the unstable 
regions, self-mode-locking will be resulted. Narducci et al have 
performed linear stability analysis and found that (discussed in 
section 2.4.7)： 1) the second case is flavored by the J is close 
to unity while the first case is flavored by smaller value of J； 
2) even in the first situation, not every points on the operation 
curves is stable. Usually, the ends of an operation curve is 
unstable (as shown in Fig.3.3.3.1). In most laser s y s t e m s , � i s 
much smaller than 丄 ( f o r example, ten times smaller). That means 
that, in most laser systems, y is much smaller than unity and 
bistable behaviour is exhibited. 
Fig.3.3.3.1 S t a b i l i t y of the CW Operation Modes. 
The Dotted Lines Represent Unstable Parts 





































































































































































































































































































Fig.3.3.3.2 (a) Motion of Mode 1. Note that C is the Critical 
Po int beyond which Mode 1 Loses its Stability, 
(b) Mode 1 " G i v e s " i t s Energy to Mode 2 a f t e r it 
has Lose i t s S t a b i l i t y . 
Please refer to Fig.3.3.3.2(a). Suppose that mode 1 is in 
resonance with the atomic line centre and lasing originally. 
As one of the cavity mirror is translated, the position of mode 1 
is being changed. Note that, as far as mode 1 has not gone beyond 
the critical point C in Fig.3.3.3.2, the laser will be operated in 
mode 1. When the value of the cavity detuning passes through C, 
mode 1 will become unstable and a new mode 2 evolves (refer to 
Fig.3.3.3.2(b)). The starting energy of the newly evolving mode 2 
mainly comes from mode 1. (In reality, there is contribution from 
spontaneous emission, which will tend to destroy the phase 
relations between existing modes. It is not considered in our 
model as it is several orders of magnitude smaller than the 
intensity of laser radiation.) Hence, there is significant 
communication between mode 1 and mode 2, and their phases can then 
have a fixed relation. The consequence is that these two modes, 
which have correlated phases and oscillates at different 
frequencies separated by approximately a (modified by mode pulling 
effect) , will beat at the difference between their frequencies and 
result in a train of pulses. This is exactly what is found in 
numerical integration of Maxwell-Bloch equations by Narducci et al 
[50]. If the sweeping speed of modes is not high enough (such 
that mode 1 dies down before mode 2 passes through the critical 
point C) the train of pulses can survives until mode 1 completely 
dies down and single mode operation in mode 2 will be resulted. 
As expected, the output intensity resembles that of a mode-locked 
Q-switched laser (please refer to Fig.3.3.3.3) but it is not. 
Firstly, the mechanism of the mode-locked giant pulses formation 
is not due to the sudden switch of the cavity loss (i.e. the 
cavity Q-value). It is the transient when both the newly evolved 
mode 2 and the originally existing but now unstable mode 1 
coexist. Secondly, in the intermediate time between two such 

























































































































































































































































that corresponds to the laser being operated in cw mode (but the 
frequency of the laser radiation is varying continuously). 
Fig.3.3.3.3 Mode-locked Giant Pulse in Transient of the 
Mode-jumping Process 
Fig.3.3.3.4 Successive Generation of New Moving Modes 
If the sweeping speed is high enough for mode 2 to pass 
through the critical point C before mode 1 dies down, mode 2 
becomes unstable while mode 1 still survives. A third mode will 
then emerge from modes 1 and 2. Again, because mode 3 takes 
energies from modes 1 and 2, all three modes will have correlated 
phases. Through the nonlinear interaction between the modes, the 
beat frequencies between them can be locked, too. As the modes 
move forward，mode 3 will pass through C. At that time, mode 2 
takes the role of mode 1 and mode 4 emerges (Fig.3.3.3.4). In 
this way, many moving modes (the number of which depends on the 
sweeping speed, the number of modes under the gain curve, the 
cavity loss, and probably some other laser parameters) can exist 
simultaneously, with correlated phases and beat frequencies. This 
explains why moving a cavity mirror mode-locks: it is due to 
detuning-induced mode-jumping in a laser. 
Let's have a few comments on our physical explanation. First 
of all, the fundamental differences between MMML and conventional 
laser mode-locking is clear now. In MMML lasers, it is the 
locking of moving modes and the locking mechanism is mainly due to 
energy exchange in mode jumping. In conventional mode-locking, 
modulation (AM or FM) at a is the key element. 
Secondly, we believe that the stability domain similar to 
that in Fig. 3.3.3.1 (the two ends of the operation curves are 
unstable) is common to real laser systems. It can happen when two 





































































































































































































































































































































that one of the cavity modes (say, mode 1) is lasing. If the 
intensity of mode 1 is sufficiently high, the gain of the adjacent 
modes will be saturated by mode 1 due to cross saturation. 
Therefore, in the presence of mode 1, the gain of the adjacent 
modes will be less than the threshold and cw operation in mode 1 
will be stable. On the other hand, if mode 1 is far away from the 
atomic line centre, the intensity of mode 1 will decrease 
substantially (but still positive). The result is that the cross 
saturation ef fect cannot keep the gain of the adjacent modes below 
threshold: a small perturbation in amplitude of an adjacent mode 
will increase itself and cw operation in mode 1 will not be 
stable. Note that, in general, mode 1 becomes unstable before its 
operation curve goes below threshold. This fact suggests that 
MMML is a general technique in ultrashort pulses generation in 
lasers and not restricted to laser systems which Maxwell-Bloch 
equations are appropriate to describe. However, although 
detuning-induced mode-jumping is common to many laser systems, we 
should be alert that the details of an MMML may varies wildly 
between different laser systems, e.g. the details of the active 
medium and other parameters can affect the actual output of the 
laser a lot. 
We have completely neglected the finite excitation of 
adjacent cavity modes due to the finite motion of the moving 
cavity mirror. In the bistable regions, the basin of attraction 
in phase space of the two cavity modes is finite： it is natural to 
expect that the cavity mode with higher gain has larger basin of 
attraction in phase space. Therefore, in fact, large enough hard 
perturbation due to the finite motion of the moving cavity mirror 
can induce jumping from one mode to another and mode-jumping can 
occur bef ore mode 1 (the originally existing mode) passes through 
the critical point C. It plays an important role in transition 
from period-T/2 operation to period-T operation in a MMML laser as 
the sweeping speed is increased. 
Finally, Bambini et al. [2] have proposed that the effect of 
moving one of the cavity mirrors is to sweep the cavity modes 
through the gain curve, so that the interaction between different 
cavity modes do not have sufficient time to take place. The 
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mechanism is different in our proposal： it is the interaction 
(expecially the energy exchanges) between modes that makes the 
locking possible. In fact, one should note that energy exchanges 
between different cavity modes are necessary in both conventional 
mode-locking and MMML. 
3.4 Numerical Simulations — Method and Results 
In this section, the numerical simulation method and the 
results obtained are presented. The basic equations we have used 
were the Maxwell-Bloch equations, with thin-sheet-gain 
approximation applied (eqn.2.4.5.6 with some modifications). The 
numerical results are in agreement with the experiments in many 
aspects. Special attentions are paid to identification of various 
operating regimes of MMML lasers, the difference between field 
spectra and the intensity spectra and the fine structures in FPS. 
Some works on MMML lasers with an injection signal have been done 
too. Most of theoretical results can be explained by our proposed 
physical mechanism of MMML. 
3.4.1 Description of Our Numerical Model 
In the light of our proposal on physical mechanism behind 
MMML (section 3.3.3), we have performed numerical simulations of a 
MMML lasers. The model used in the simulation should exhibit 
detuning-induced mode-jumping when suitable parameters are plugged 
in. Here, we restricted ourselves to those laser systems that can 
be described by the Maxwell-Bloch equations. For convenience, the 
reference frequency has been chosen to be Then, 
F(z,t) exp[i(k z-o) t ) ] and P(z,t) exp[i(k z-o) t ) ] are equal to 
A A A A 
electric fiel«d and microscopic polarization except for a numerical 
factor (section 3.3.1) and the Maxwell-Bloch equations will take 
the form as shown in eqn. (3.3.1.2). Without loss of generality, 
the exponential factor in eqn. (3.3.1.2d) can be written in the 
form exp[L27rvt/T], where is the distance travelled by the moving 
cavity mirror in one cavity roundtrip divided by optical 
wavelength. We shall refer to it as sweeping speed of the moving 
cavity mirror. It also have the meaning of change of cavity 
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detuning in one cavity roundtrip scaled by i . m FSFC lasers, iVT 
is equal to the frequency shift per each cavity roundtrip. 
Thin-sheet-gain approximation has been applied to eqn.3.3.1.2 
and the resulting equations are 
iZnv^r-� 
F(t+T) = e [ RF(t) + (l-R)P(t) ] , (3.4.1.1a) 
P = - P + FD , (3.4.1.1b) 
D = - y D - J A Re{F*P> + y (A+1) , (3.4.1.1c) 
where the unit of all the temporal variables has been chosen to be 
r^丄’ as in eqn.(2.4.5.6). The form of eqn.(3.4.1.1) differs from 
that of eqn. (2.4.5.6) in that § which is equal to 2nvt/T, 
AW 
appears in the delay equation eqn. (3.4.1.1a) instead of the 
dynamical equation for P. 
To solve eqn.(3.4.1.1), fourth order Runge-Kutta method [75] 
is adopted with some modifications due to the presence of the 
delay equation (eqn. (3.4.1.1a)). Note that, in order to specify 
the full initial conditions for the delay equation, we have to 
give the values of P(0) and D(0) and the values of F(t) from t = 0 
(inclusive) to t = T (exclusive). It is quite natural since the 
delay equation comes from a partial differential equation 
(eqn.3.3.1.2a) whose initial conditions are given by the the 
values of the electric field at every point inside the laser 
cavity at t = 0. Note also that, in Runge-Kutta method, the 
values of the state variables in the middle of a time step have to 
be known (or estimated). In solving a system of ordinary 
differential equations, they can be estimated by the Euler's 
scheme as we know the value of the derivatives [75]. However, it 
is not the case in a set of delay - differential equations. For 
example, in our situation, we cannot find the value of F(t+At/2) 
simply from the values of F, P, D at times t and t+At. In order 
to overcome this problem, we double the number of time steps, i.e. 
we specify the values of F at the middle of all time steps. This 
let us know the value of F(t) at the middle of each time step. 
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Fig.3.4.1.1 Scheme f o r Solving Eqn. (3.4.1.1) Numerically 
Suppose that we divide T into N time steps (Fig.3.4.1.1). We 
have to f irst specify the values of F(n), n =0, 1,...N-1 and the 
values of P and D at n = 0 and 1. Using F(0), F(l)’ P(o), D(0) 
we can find the values of P � and D(2) by applying Runge-Kutta 
method to eqn.(3.4.1.1b) and eqn.(3.4.1.1c). With P(0) and F(0) 
being known, the value of F(N) can be immediately found by using 
eqn.(3.4.1.1a). Following the same procedure, we can find F(N+1) 
from F(l), F ⑵ ， P ( l ) and D(l). Continuing the iteractive 
process, F(N+2), F(N+3) and so on can be found. We have used 
N = 1600 in our numerical integration. We have also tried to use 
N = 3200 but no observable improvement was found. Double 
precision has been used. 
Most of the simulations were done for a laser whose y is 
mush less then y丄 .T h i s is common in real lasers [47]. We have 
chosen ？ = 0.1 in most circumstances. The value of T is sometimes 
set to T = 7 and sometimes set to T = 10. All the cavity losses 
(including that at the output coupler) are included in finite 
reflectivity R of one of the cavity mirrors and R is set to 0.75. 
The normalized gain A is usually chosen to be in the range A = 3 
to A = 8. The mode spacing a varies roughly from 0.6 to 1. From 
eqn.(2.4.2.4), we obtain that the width of the unsaturated gain 
curve is 2i/A (which is approximately equal to 3 if A = 3 and 5 if 
A = 8). Therefore, with the parameters used, cavity modes under 
the gain curve varies from about 4 to about 12. This is similar 
to that in Smith's MMML He-Ne laser. 
The sweeping speed v is varied from the order of magnitude of 
0.01 to the order of magnitude of 0.1. The active medium of a 
He-Ne laser, which is Doppler broadened, can be modelled by an 
effective two-level active medium with 丄 set to match the Doppler 
width. Then, the values of y used in our simulation corresponds 
to a real speed from 50 cm/s to 5 m/s. There are some problems in 
identifying the exact value of the threshold sweeping speed in our 






















































































































































that the threshold sweeping speed is of the order of = 0.01 
(i.e. about 50 cm/s). In Smith's MMML He-Ne laser, the threshold 
sweeping speed is around 10 cm/s. 
3.4.2 Tests on the Simulation Method 
We have done simulations to test the validity of the 
numerical method used. 
(i) Case I Milonni et al [49] have applied the Maxwell-Bloch 
equations under the thin-sheet-gain approximation to a resonant 
laser (i.e = 0). One set of parameters they have used is � 
�=0.1, R = 0.496585 (corresponding to cavity linewidth of 0.7), 
T = 7, A = 10. They have found that the laser is 
self-mode-locked. We have used the same parameter set and have 
found similar results. As in reported by Milonni et al, the 
second threshold of the laser was between 八 = 9 and 八=10: at 
A = 9, cw operation would be resulted; while at A = 10’ pulse 
train with period T was obtained. Train of pulses similar to that 
obtained by Milonni et al was found after 5000T (compare 
Fig.3.4.2.1(a) and Fig.3.4.2.1(b)). However, we have found that 
more pronounced pulse train (Fig.3.4.2.1(c)) would be resulted 
after a much longer time (lOOOOT). We have also integrate 
eqn. (3.4.1.1) up to 20000T but no observable difference was found. 
That means that the pulse train shown in Fig.3.4.2.1(b) is still 
in the transient state. The extremely long period required for 
the transient to die out completely is due to critical 
slowing-down as the gain parameter 八 is close to the second 
threshold. Our results show that RNGH type self-mode-locking can 
be obtained from Maxwell-Bloch equations even thin-sheet-gain 
approximation has been applied. 
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Fig.3.4.2.1 ( a ) R e s u l t Reported by M i l onn i 
� ( b ) Our Pulse Tra in f o r Small Time Obtained 
by us 
( c ) Steady State Pulse T r a i n Obtained in 
Our Ca lcu la t i on 
Parameters used is = 0. 1 , T = 7 . 0 , 
R = E x p ( - 0 . 7 ) , A = 9. 
We have also computed the corresponding intensity spectrum 
and field spectrum (Fig.3.4.2.2). Both spectra show sharp peak 
structure (the peaks locate approximately at a and its multiples). 
The auto-correlation function of the electric field is also shown 
too. Note that the auto-correlation function consists of peaks at 
T and its multiples and that the height of the peaks is a linearly 
decreasing function of the time lag T. 
Fig.3.4.2.2 The Corresponding (a) Intensity Spectrum, 
(b ) F i e l d Spectrum and ( c ) Auto-Correlation Function. 
Fig.3.4.2.3 (a) d as a Step Function of Time 
A 
(b) § as a Slowly-Varying Linear Function of Time 
A 
(ii) Case II We have tried to test the detuning - induced 
mode-jumping by using eqn.(3.4.1.1). We have switched the cavity 
detuning in two ways. The first was similar to those performed by 
Narducci et al [50], namely, the cavity detuning d was a step 
AC 
function of time (Fig.3.4.2.3(a)). The duration T^ was the period 
o 
of a "step" and was chosen to be long enough (T^ = SOT) for any 
transient to decay completely as f ar as no mode-jumping has 
occurred. The change in cavity detuning in each step is 
small compared with the mode-spacing a (equal to a/10). With the 
laser parameters set to J = 0.1, 八 = 3 . 0 ， R = 0.75, T = 7， 














































































































































































































































































































































































































































































































































































































































































































































way to study the detuning-induced mode-jumping is to set 6 to be 
a linear, slowly varying function of time (Fig.3.4.2.3(b" m 
fact, It is equivalent to a MMML laser or a FSFC laser, in which p 
IS chosen to be small such that T/. is long enough for the 
transient to decay). For the same values of J, A, R and T, we 
have chosen . = 0.001. The result is shown in Fig.3.4.2.4. At 
. the position where the critical point is passed, mode-jumping 
begins to occur and beating between two co-existing modes is 
resulted as the transient. This transient beating resembles a 
mode-lpcked Q-switched pulse. However, the mechanism behind is 
not Q-swtching at all. Note that such transient beatings occur 
for each period of T/p, i.e. the time required for the cavity 
modes to sweep through a. 
Fig.3.4.2.4 Detuning-induced Mode-Jumping, y = o . l , A = 4.0, 
R = 0.75, T = 7, V = 0.001 
We then further increase the gain parameter A of the laser to 
八 = 7 . It is found that the transient of the mode-jumping (in 
Fig.3.4.7.1) is a beating of alternate modes (shown in 
Fig.3.4.2.5, i.e. their frequencies separated by 2a). Note also 
that the transient takes place for 2T/v. This is due to a broader 
stability domain. We shall come back to this point later when we 
discuss T/2 pulses generation in MMML lasers in section 3.4.7. 
Fig.3.4.2.5 Alternate Modes 
3.4.3 Ultrashort Pulses Generation of a MMML Laser 
As we have mentioned in section 3.4.1, we have to specify the 
electric field distribution inside the laser cavity as the initial 
condition of the system of delay-differential equations 
(eqn. (3.4.1.1)). We have used different initial conditions for 
the simulation, namely, the cw solution and the null field 




























































































































































































































































F(t) = 1 for 0 ：：£ t < T) simulates the situation in which the laser 
is lasing bef ore the cavity mirror is moved (result is shown in 
Fig.3.4.3.1(a)). In the later case (Fig.3.4.3.1(b)), the electric 
field vanishes inside the laser cavity except for a small amount 
of noise and it simulates the situation where we block the light 
path in the laser cavity suddenly and then unblock. Both cases 
� lead to identical mode-locked pulses, showing that the pulsing 
operation has a large basin of attraction in phase space and can 
restore itself after being interrupted. 
Fig.3.4.3.1 Bu ild-Up of Pulse Train in a MMML laser from 
two d i f f e r e n t i n i t i a l c o n d i t i o n s : 
( a ) F ( t ) = 1; 
( b ) F ( t ) ^ 0 f o r 0 ^ t < T . 
The parameters used are J = 0 . 1 , R = 0.75, 
八= 6 , I ^ = 0 . 2， T = 7 . 
Moreover, for our parameter set (as shown in caption of 
Fig.3.4.3.1), the pulse train develops itself within a few hundred 
cavity roundtrips and we have integrated eqn. (3.4.1.1) up to 
t = 100000 T (corresponding to approximately 3 ms if the cavity is 
1 m long). The form of the pulse train remains unchanged and 
there is no sign showing the pulse height will decrease. 
3.4.4 Modulation of the Pulses 
It is found that, in general the pulse height is modulated 
(Fig.3.4.4.1), which results in the side-bands in the intensity 
spectra, consistent with the experimental observations. In most 
circumstances, the period of modulation is approximately equal to 
the time required for the modes to sweep through one mode spacing 
(or，equivalently, the cavity length changed by one wavelength; it 
is equal to T/v) or its multiples (refer to Fig.3.4.4.1(a) and 
Fig.3.4.4.1(b)). We will discuss the ZT/v period further in 
section 3.4.7. This time dependence is not unexpected： the mode 
structure is a periodic function of the cavity detuning 8 with 



































































































































































































































































































































































































































modulation does not exist in conventional mode-locked lasers. 
Fig.3.4.4.L Modulated Pulse Trains： 
( a ) Per iod of Modulation is T/i^； 
( b ) Per iod of Modulation is 2T/y. 
Fig.3.4.4.2 P u l s e T r a i n s f o r D i f f e r e n t Sweeping Speeds. 
A = 5 . 0 , ( a ) 17 = 0 .1 and ( b ) v = 0.019. 
(See T e x t f o r the Parameters Used . ) 
In ( c ) , The Modulation / Max Peak Height is 
Shown as a Funct ion of Sweep ing Speed. 
The pulse trains for two different sweeping speeds (other 
parameters are fixed： J = 0.1, R = 0.75, T = 7.0, A = 5.0) are 
shown in Fig.3.4.4.2(a) and Fig.3.4.4.2(b). At f = 0.1, almost no 
modulation is found. As the sweeping speed is increased to 
^ = 0.019, the modulation depth is almost increased to 40% of the 
maximum pulse height. The graph of modulation depth / maximum 
pulse height as a function of sweeping speed is shown in 
Fig.3.4.4.2(c), which shows that the modulation depth is a 
decreasing function of the sweeping speed. Similar behaviours are 
shown for 八 = 4 . 0 (Refer to Fig.3.4.4.3). The origin of the . 
dependence of the modulation depth on sweeping speed is obvious: 
as the moving modes pass through the gain curve faster and faster 
while the response of the laser to the change in position of the 
cavity modes does not critically depend on the sweeping speed, the 
modulation depth will then be averaged out. 
Fig.3.4.4.3 Same as Fig.3.4.4.1 (c) Except that 八 = 4 . 0 . 
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The MMML lasers or the FSFC lasers (especially the later) are 
studied under another context as a broadband laser. Whether it is 
broadband is one of the foci of studies [20,4-6]. The most 
interesting problem is that there is an apparent contradiction 
between the FPS and RFS spectra observed in past experiments: the 
FPS is broadband and do not have very distinct structure (some can 
be found if the so-called "resonance" condition, which we have 
discussed in section 3.2.1, is fulfilled); on the other hand, for 
the RFS, sharp peaks separated by approximately a free spectral 
range (or double) were observed. 
Fig.3.4.5.1 ( a) A Typ ica l Intensity Spectrum. 
( b ) - ( f ) F i e l d Spectra for Various Sweeping Speeds. 
D i s t i n c t Fine Structure can be Found in 
( b ) , ( e ) , ( f ) . 
To find out whether this distinct feature can be reproduced 
from our theory, we have performed spectral analysis to the 
intensity and the electric field. We refer the first spectra as 
the intensity spectra and the later as the field spectra. The RFS 
is the Fourier transform of the electrical signal getting from the 
photo-detector (which measures the intensity of the light) and 
therefore it represents the intensity spectra. FPS is based on 
the interference of the light field and therefore is a 
representation of the spectrum of the electric field itself. With 
the parameters 八 = 7 . 0 ’ y = 0.1，R = 0.7, T = 7.0, stable pulse 
trains of period approximately equal to T are resulted. Different 
sweeping speed are used, namely v = 0.1’ 0.12, 0.17’ 0.2, 0.3. 
Note that the resonance condition proposed by Kowalski et al 
refers to existence of a simple ratio between the frequency shift 
per each cavity roundtrip and that corresponds to v is a simple 
fraction. Therefore, y = 0.1, 0.2 or 0.3 represent the resonance 
condition. v = 0.12 is not as simple as = 0.1, 0.2 or 0.3. 
V = 0.17 would correspond to be off-resonant. 
We have found that, in general, the intensity spectra 








































































































































































































































































































































































































































































































































































































































































































































































































































































































are sharp peaks at approximately a and its multiples) while the 
field spectra are broadband (Fig.3.4.5.1). However, when y is 
simple fraction, there are some fine structures in the field 
spectra, which is consistent with the experiments. This can be 
found only if |F(a>)|^ is being plotted in a linear scale. 
Such an apparent contradiction can be completely explained by 
our physical picture described in section 3.3.3. Each of the 
moving longitudinal modes oscillates at a frequency which is time 
varying but differs from each others by the mode-pulled mode 
spacing a^  which is close to a. So the field F � is something 
like this: 
F(t) = Y . 萝 • � ， （3.4.5.1) 
j j 
where the moving modes ^^(t) will be something like 
矛 . � = [ � e-丄[歪⑴ + j&it + $ � (3.4.5.2) 
J J 
where $(t) is nonlinear function of t, in which the sweeping of 
mode j under the gain curve is incorporated. Then F(t) is of the 
form 
F(t) = e - — ) [ 帅 e - “ j V + V , (3.4.5.3) 
j j 
The summation in eqn. (3.4.5.3) will then have a 
characteristic frequency of a .^ The cause behind the apparent 
contradiction is clear now： the moving modes have a constant 
spacing a with their nearest neighbours; while, the role of the 
1 • * / f \ 
phase factor is to describe the motion of the cavity 
modes. This phase factor e ’ which broadens the Fourier 
transform of F(t) in non-resonance situation {v is not a simple 
fraction), is cancelled out in the intensity I(t) as I(t) is equal 
to lF(t)|2. Hence, a broadband structure will be found for field 
spectra while discrete peaks will be found in the spectra of the 
intensity. 
The fine structure found can also be explained. Note that 
the frequencies of the passive cavity modes ("passive" means 
without any active medium) are separated by a period of T/v. That 
77 
means that there are two characteristic frequencies in a MMML 
laser (or a FSFC laser), namely, a and When these two 
characteristic frequencies match with each other (i.e. has a 
simple ratio), it is natural to expect that a "cleaner" field 
spectrum will be obtained. When there is an active medium in the 
laser cavity, this may be further enhanced by the mode-pulling 
ef fect which may modify the motion of the cavity modes under the 
gain curve. 
In addition, we have already mentioned that, due to the mode 
-pulling effect, the repitition rate of the pulses in the laser 
output is not exactly equal to 1/T. This phenomenon was also 
found in our numerical simulation. From the intensity spectra, we 
find that the actual cavity modes spacing a* is less than a 
~ 0.99a), meaning that the period of the pulses is larger 
than T. This is true for all parameter sets we have used, which 
suggests that the resonance condition should be modified 
accordingly： va/a' is simple fraction. We have mentioned that, 
at y = 0.2’ fine structure can be found in the field spectra. So, 
we try to investigate the field spectra corresponding to those 
values of v close to 0.2 by scanning v through from 0.1964 to 
0.2012 in six steps). The results are consistent with our 
proposal: at v = 0.198512, very sharp peaks can be found in the 
field spectra (Fig.3.4.5.2(d)). When the value of v differs from 
this "resonant" value (by less than 1%), the sharp structures in 
the field spectra smear out (e.g. in Fig.3.4.5.2(e),(f)). 
Fig.3.4.5.2 The F i e l d Spectra Around v = 0.2 
The value s of o ther parameters are f i xed : 
5 = 0 . 1 , R = 0.75, T = 7, A = 7. 
Note that the Fine Structure is "Finer" 
as the Sweeping Speed Gets Closer to 
V = 0.198512 (Shown in ( d ) ) . 
Before ending this section, we would like to discuss the 
question about whether the field of output pulses have a broadband 












































































































































































































































































































































































































































































































































































































































































































































































































































































































































sharp peaks in the field spectra can be obtained. That means that 
a MMML laser (or FSFC laser) is definitely not "broadband laser" 
under the resonance condition. However, very sharp peaks can be 
found in very narrow ranges of sweeping speed only (y should be 
controlled with precision higher than 1%). Even in the 
"non-resonant" situation, there are still two different answers to 
this question： one may conclude that the field have a broadband 
spectra as shown in the above discussion; one may also concluded 
that the field is, in fact, oscillating in discrete frequencies 
which are sweeping linearly and the broadband structure obtained 
in the experiment is due to the fact that the response time of the 
detector is not fast enough. Our comment on this controvery is 
that it is a verbal disagreement only. We should distinguish 
between two different concepts: instantaneous oscillation 
frequency and Fourier frequency. One can regard A exp[i(j(t) t ] 
is oscillating at an single instantaneous oscillation frequency of 
w(t). One can also regard it as the superposition of various 
Fourier components (whether spectrum is continuous depends on the 
specific form of the function w(t)) which are oscillating at 
different frequencies. Both descriptions are correct and there is 
no real contradiction. 
3.4.6 Different Operation Regimes in MMML Lasers 
The operation regimes of a MMML laser are fairly complicated 
as there are abundant phenomena embedded inside the simplest laser 
model (such as that described by Maxwell-Bloch equations). Here, 
we shall confine our discussion on the correspondence of our 
numerical results with the operation regimes identified by Smith 
[1] and Bambini et al [2]. From our numerical analysis, we have 
explored some more complicated operation modes of a MMML laser. 
We shall discuss them in sections 3.4.10 and 3.4.11. 
We have already described the experimental results of Smith 
and Bambini in section 3.2.1. The operation regimes found are 
shown in Fig.3.2.1.2. There are four operation regimes: the 
unlocked regime, period-T regime, period-T/2 regime and 
non-sustaining regime. In the unlocked regime, the sweeping speed 
is so slow that the laser recovers to single cavity mode operation 
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before another detuning-induced mode-jumping takes place (as 
described in section 3.3.3). In the period-T regime, pulses of 
period approximately equal to the cavity roundtrip time are 
generated. When the gain is increased beyond some threshold 
value, period-T/2 regime will emerge between the unlocked regime 
and the originally existing period-T regime. When the sweeping 
speed is too fast, the laser cannot sustain itself and no laser 
radiation will be given out. All these operation regimes are 
found in our numerical simulations. 
The first problem that we want to look at is the dependence 
of the threshold sweeping speed (or called critical velocity in 
the literature [1,2]) on the gain parameter. The threshold 
sweeping speed is loosely defined as the minimum sweeping speed 
required to mode-lock a laser, i.e it separates the unlocked 
regime and the period-T regime in the parameter space. From the 
discussion of last section, the modulation of pulse height seems 
to be a smooth function of the sweeping speed. This gives rise to 
the problem of how to identify whether the laser is operated in 
the locked or unlocked regime： the boundary between the two 
regimes is not sharply defined. However, one can imagine that, 
the period of modulation and the period of the pulses are, in 
general, incommensurable and therefore the pulses will be 
difficult to be displayed in a sampling oscilloscope if the depth 
of modulation is large. So, one way to resolve the problem is to 
define the threshold sweeping speed operationally. For example, 
one may simulate how a sampling oscilloscope triggers an input 
signal and then regard the laser is in mode-locked regime if 
stable pulses can be displayed in the model "oscilloscope". 
Another way to find the dependence of the threshold sweeping 
speed on the gain parameter is to compare two pulse trains with 
the same v but different values of A. Fig.3.4.6.1 shows such 
comparison. Fig.3.4.6.1 summarizes the results of a scanning of 
the parameter space of v versus A, while keeping other parameters 
fixed: i = 0.1, T = 7, R = 0.75. The values of A used are 2, 4, 6 
and 7, at which we obtained the output intensity for sweeping 
speeds inclusively from 0.01 to 0.3 (by 11 equal steps). The 
parameter space formed by sweeping speed and the gain parameter 
80 
can be divided into two regions: one in which the gain is small 
than a certain threshold such that no period-T/2 pulses can be 
found and the other one in which the gain is high enough such that 
period-T/2 pulses are present. The threshold gain for the 
presence of period-T/2 pulses is between 八 = 6 and 八 = 7 . It was 
found that, in the lower gain region, the threshold sweeping speed 
is decreasing with increase in the gain parameter, which is 
consistent with the experimental observation of Liu et al. using a 
Ti: Sapphire laser [3]. However, in Smith's experiment [1], 
performing on a He-Ne laser system, the threshold sweeping speed 
was found to be decreasing with the gain parameter in the low gain 
region. The reason is still not clear. 
Fig.3.4.6.1 Behaviour of a Laser w i t h D i f f e rent Values 
of 八 and p. Other Parameters are fixed： 
？ = 0.1, R = 0.75, T = 7. 
Whether or not the sweeping speed actually decreases with the 
increase of the gain parameter may depend on the details of the 
laser. At least two effects in a laser are competing for the 
final outcome. As suggested in eqn. (2.3.3), the cavity modes 
couple together by the last nonlinear term (江 E*E ), which 
1 m n 
consists of cross saturation terms (section 2.4.7). The adjacent 
cavity modes can also be regarded as source (energy exchange) when 
they couple in a suitable manner (we have already encountered this 
once before when we discussed the locking of beat frequency in 
section 3.1.1). These two effects combine to account for the 
ef fect gain (or loss) of a particular cavity mode in the presence 
of other lasing modes. If increasing the gain parameter flavors 
the cross saturation, then new moving modes are more difficult to 
emerge and hence a higher sweeping speed is required to MMML the 
laser. On the contrary, if increasing the gain parameter flavors 
the energy exchange more, the effect of increasing the gain 
parameter will be reversed. Obviously, it is the later case in 
our model. 
The fact that He-Ne lasers are inhomogeously broadened may be 
81 
Fig.3.4.5.1(a) 
0 6 Modula t ion at Gain = 2 and Gain = 6 
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one of the causes why the threshold sweeping speed in Smith's MMML 
He-Ne laser increased if the gain parameter was increased, in 
contrast the situation in our model. Another possible cause is 
the way Smith controlled the gain parameter. We have noted that 
he has not really changed the excitation level of the active 
medium: what he has done was to change the total cavity loss by 
introducing an aperture into the laser cavity. It should be noted 
that decreasing the cavity loss can have different effect on the 
laser as compared with increasing the gain. It is because the 
relative magnitudes of the cavity decay rate and decay rates of 
the atomic variables are important parameters of a laser (section 
2.4.4). We have already noted that some of the differences 
between a laser in bad cavity condition and a laser in good cavity 
condition (e.g. in section 2.4.3). Secondly, the width of the 
Gaussian beam (which were prescribed by the experimental settings) 
inside the laser cavity can affect the phenomena of the laser, for 
example, the threshold gain for self-pulsing in a laser can be 
changed (or even the instability may disappear) if the width of 
the Gaussian beam is changed. 
The high gain region is characterized by the occurrence of 
the period-T/2 regime. We have found that apparent period-T/2 
pulses can be found with A = 7 and v = 0.039 (Fig.3.4.6.1(e)’(f)) 
but the modulation of the pulse height is large (Fig.3.4.6.1). 
Note that the period of modulation is twice the time required for 
a cavity mode to move one f ree spectral range a. Further 
increasing v results in period-T pulses. Note also that the 
boundary between the period-T/2 regime and the period-T regime is 
clear. More pronounced period-T/2 operation regime can be found 
if T is increased to 10. Parameter scan (八 and v are varied) with 
T fixed at 10 has been performed and the results are shown in 
Fig.3.4.6.2. 
Fig.3.4.6.2 Same as Fig.3.4.6.1 except T is increased to 10. 
For 八=2 .0 , only period-T pulses are obtained. As the gain 













































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































complicated. At a smaller value of v (0.097), the output 
intensity seems like two period-T pulse train interlacing and 
competing energy from the active medium with each other. It can 
also be regarded as the output pulses are separated by T/2 in 
time. More information can be extracted from the intensity 
spectrum. Its intensity spectrum shows that the fundamental 
frequency is still approximately equal to a but now the peak at 
the f irst even harmonic becomes larger than that of the 
fundamental. This results in period-T/2 like pulses. When the 
sweeping speed is increased to v = 0.126, very stable period-T 
pulses are resulted. 
More interesting results were obtained with still higher gain 
(八 = 6 and A = 7). The period-T/2 pulses obtained with 八 = 4 is 
not truely period-T/2: its fundamental frequency is still 
approximately equal to a. For A = 6, when v = 0.97 or below, the 
pulse trains obtained are similar to those apparent period-T/2 
like one obtained for 八 = 4 , v = 0.097. If we increase the 
sweeping speed further (to 0.126), the appearance of the pulse 
train changes. In the corresponding intensity spectrum, the 
fundamental frequency is still at a but the peak at the first even 
harmonic is less than that of the fundamental by three order of 
magnitudes. Therefore, practically, we can say that the output 
pulses has a period of T/2. In fact, the period-T/2 pulses 
reported in Smith's paper [1] have alternating height (the even 
pulses is higher that the odd pulses, please refer to 
Fig.3.4.6.3). This means than the fundamental frequency of such 
pulses is still a. When we further increase the sweeping speed, 
the spectral component at a increases again. When the sweeping 
speed is increased up to = 0.213, stable period-T pulses are 
formed. Similar behaviours can be found when 八 = 7 : a region of 
clean period-T/2 pulses is sandwiched between two regions where 
less order period-T/2 pulses (seems like two period-T pulse trains 
competing with each other) will be found. The difference is that 
this intermediate region is wider and cleaner period-T/2 pulses 
can be obtained. "Clean" period-T/2 pulses can be' found at 
y = 0.126 and v = 0.155. When the sweeping speed is increased up 
to 0.3, the period of output pulses will recover to T. 
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Fig.3.4.6.3 Extracted from Fig.2 in Ref. [1] 
There are two general trends found in the high-gain region 
(high enough for period-T/2 or period-T/2 like pulses can be 
found). The first is that the width of the period-T/2 region 
increases with T and A. This dependence may be due to the 
increase in the number of cavity modes under the gain curve. 
Another trend found is that the threshold sweeping speed of the 
period-T regime is an increasing function of gain parameter, 
completely different from the low-gain region. It is the same as 
those reported by Smith [1]. Slightly different mechanism is 
governing this trend and we shall discuss it in next section. 
Finally, an upper critical sweeping speed can be found from 
our simulation. It is natural to expect that when the moving 
modes run too fast under the gain curve, they cannot have enough 
time to extract energy from (i.e. being amplified by) the active 
medium and the laser cannot sustain itself anymore. Injection of 
noise into the laser cavity also cannot rebuild the pulse train. 
The upper critical sweeping speed increases with increasing the 
gain parameter and cavity roundtrip time. 
3.4.7 Why Period-T/2 Pulses ？ 
To study why period-T/2 pulses are generated, we have looked 
into the stability domain of the cw solutions for the lasers which 
can produce period-T/2 pulses. We have tried to explore 
detuning-induced mode-jumping in those lasers by sweeping the 
cavity modes slowly (and hence adiabatically) under the gain 
curve. One of those results is shown in Fig.3.4.7.1. The 
difference between a laser in high-gain region or in low-gain 
region is evident now: in the high-gain region (Fig.3.4.7.1), 
mode-jumping starts not at a point where is less than a (as 
those discussed in section 2.4.7), but at a point in between a and 
2a. That means that the originally lasing mode (we have called 
mode 1 in section 2.4.7) has a much wider stability domain (wider 
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Fig.2.4.7.5). This further implies that, in addition to 
bistability proposed by Narducci et al. [50], multi-stability can 
occur in a laser. More stable operation modes can co-exist at the 
same value of cavity detuning § if there are more cavity modes 
AW 
under the gain curve (and hence the operation curves of the cw 
solution are more closely packed together). 
Fig.3.4.7.1 Laser Output Intensity when the Cavity Modes are 
Moving Slowly. J = 0.1, R = 0.75, T = 7 , 八 = 7 . 
Fig.3.4.7.2 Stabi l i ty Domain of the CW Solutions. Parameters 
same as those in Fig.3. 4. 7.2. 
We are now ready to explain why period-T/2 pulses are 
resulted from MMML lasers operated in high-gain region. Suppose 
that, at time t = 0, the cavity detuning 8 is equal to zero, 
AC 
i.e. mode 0 is in resonance with the atomic line centre (please 
refer to Fig.3.4.7.2). There are three stable cw solutions at 
§ = 0 : mode -1, mode 0 and mode 1. We assume that mode 0 is 
AC 
lasing. As in the previous situation (in which the stability 
domain is narrower), if we move one of the cavity mirrors such 
that the cavity detuning increases, the operation of the laser 
will follow mode 0 until the critical point C � i s passed through. 
Now mode 1 becomes unstable and its energy will dump to other 
stable modes (say, mode 1 and mode 2). It is obvious that mode 2 
can obtain more amplification from the active medium than mode 1 
as at C mode 2 is closer to the atomic line centre. Therefore, 
0 
mode 3 will have an amplitude greater than mode 1 (or even 
suppressed through the mode-mode competition). The beating 
between mode 0 and mode 2 (and so on) accounts for the period-T/2 
pulses formation. Note that the period of modulation will be 2T/v 
(in a period-T regime, the modulation period is T/v). 
However, when the sweeping speed increases, the finite 

















































































































































































































































































































































































































































































































































































































was discussed in section 3.3.3) will induce mode-jumping before 
the critical point C^  is arrived. Mode 1 can then obtain sizable 
amplification and period-T pulses will be resulted if the sweeping 
speed is sufficiently high. Note that, in this case, the 
overlapping of the stable regions increases with the gain 
parameter and larger hard perturbation is required to produce 
period-T pulses. Therefore, the threshold sweeping speed for the 
period-T regime in the high-gain region (i.e. the boundary between 
the period-T and period-T/2 regimes) is increasing function of the 
gain parameter. 
Following this line, if the width of the gain curve is 
broader, more cavity modes can lie under the gain curve and the 
the stability domains of different cw solutions will overlap more. 
In this case, it is natural to expect that a series of period-T/n 
(n = 1,2,3,...,N) pulses can be obtained where mode 1 is now 
stable over a region between (N-l)a and Na. To test this 
conjecture, we have used the parameters J = 0.1, R = 0.75’ 
八=7 .0 , T = 20. Pulses of period T/4, followed by T/3, T/2 and T 
are found (Fig.3.4.7.3). Note the modulation period, too： when 
period-T/n pulses are obtained, the modulation period will be 
nT/v. In the FSFC dye laser (which has a wide gain bandwidth) of 
Kowalski et al., such hierachy was actually found experimentally 
[5�. 
Fig.3.4.7.3 Series of Period-T/4, -T/3, -T/2, -T Pulses. 
3.4.8 Auto-correlation of the Electric Field 
The auto-correlation f unction is routinely used to estimate 
the pulse width of repetitive ultrashort pulses. It is also used 
to study the pulse width of the output pulses of a MMML laser [5]. 
Let G(T) be the auto-correlation function of F(t); F(w) and 
G(w) be the Fourier transform of F(t) and G(w), respectively. It 


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































G ⑷ = 陶 2 ， （3.4.8.1) 
Therefore, as the field spectra of a MMML laser is broadband, on 
the contrary of a conventional mode-locked laser, one expects that 
the auto-correlation function of a MMML laser should have some 
features different from those of a conventional mode-locked laser 
(section 3.1.3). 
Fig.3.4.8.1 Auto-Correlation Function of a MMML Laser Output 
Fig.3.4.8.1 is a typical auto-correlation function of the 
output of a MMML laser (compare it with Fig.3.4.2.2(c)). The 
greatest difference between Fig. 3.4.8.1 and Fig.3.4.8.2 is that, 
in Fig.3.4.8.1, the peaks at T 0 are greatly suppressed and, in 
addition, the heights of the peaks at T = T, 2T, 3T and 4T are 
smaller than that at 7.7T. It is because the spectral contents of 
two adjacent pulses are different as the positions of cavity modes 
under the gain curve at the corresponding time (when these pulses 
are generated) are different. The position of the pulses almost 
repeat after 7.7T has ellapsed and therefore a higher peak can be 
found at T = 7.7T. It shows that the auto-correlation function 
can be strongly affected (diminished) by the motion of the cavity 
modes. The point is that one should be careful when using auto 
-correlation trace to measure the pulse width of the pulses. The 
ratio between width of the auto-correlation trace and pulse width 
may be smaller than expected. 
3.4.9 FSFC Laser with Injection Signal 
Littler et al [9] have studied the FSFC laser with an 
injection of a stabilized laser beam into the laser cavity. The 
most interesting aspect of their results is that the field spectra 
of the output will have more structures after the injection. 
Sharp peaks are have been found at va and its multiples 
(Fig.3.2.1.4). As V can be varied and controlled easily, the 
























































































































































































































































We have modified our codes to simulate this situation. For 
simplicity, we assume that the injected signal is, in resonance 
with the atomic line centre. Parameters of the laser are ？ = 0.1, 
R = 0.75, T = 7 , 八 = 7 . Two different values of u (0.13 and 0.17) 
have been used (Fig.3.4.9.1). These two values have been chosen 
as we wanted to avoid the fine structure (section 3.4.5). The 
results are in agreement with the experimental results 
(Fig.3.4.1.4). Very small amount of injection signal is 
sufficient (e.g. E. = 0.1, where E^  is the field amplitude of the 
injection signal). 
Fig.3.4.9.1 Output In tens i t y , Intensity Spectra, Field Spectra 
of a FSFC Laser with Injection Signal 
3.4,10 MMML in Class C Lasers: with J = 1.0 
We have already mentioned that lasers can be classified into 
three main categories according to the relative magnitudes of 〜丨’ 
and K. Lasers in different categories can have different 
behaviours (one example is that detuning-induced mode-jumping is 
flavored by r much smaller than unity). It is common in lasers 
that 丨丨 is much smaller than 了丄(i.e. r is much smaller than 
unity) and it is also the main concern of our studies. In this 
section, we report some of our works in lasers with J = 1. 
In the simulations, R was still kept at 0.7 and A at 7.0. 
The most important difference between a MMML laser with r = 1.0 
and a MMML laser with J = 0.1 is that there at a lower sweeping 
speed {v < 0.5) pulses of period T/4 is resulted. Note that 
spectral component at cc, 2a and 3a are completely suppressed 
(Fig.3.4.10.1(a) and (b)). The pulses is modulated in a neat way 
but the period of modulation is not equal to T/v. 
When the sweeping speed is increased such that v > 0.5, the 
output intensity becomes rather erratic (Fig.3.4.10.1(f)). Note 
that the transition does not really take place at v = 0.5 exactly. 






































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































new phase, the fundamental frequency goes back to a 
mg.3.4.10.1(e)). This feature is different from that for 
^ = 0.1 and T = 20 (at which period-T/4 pulses can also be 
obtained). With ？ = 0.1 and T = 20, the fundamental frequency is 
switched back from 4a to firstly 3a, and then 2a and finally to a. 
The sideband structure looks very complicated, which is expected 
based on the erratic output intensity. 
Fig.3.4.10.1 Results for D i f f e r e n t Sweeping Speeds. Note the 
Transition near JLI = 0.5. 
To our knowledge, such behaviour has not been observed 
experimentally yet. 
3.4.11 Exciting the Relaxation Oscillation Resonance 
Relaxation oscillation is a common phenomenon in class A 
lasers. It can be observed if the cw operation is slightly 
perturbed and also in build-up dynamics of the cw operation 
(Fig.3.4.11.1). The frequency of the relaxation oscillation is of 
the order of v^ (K3r||). Laser with modulated parameter (e.g. 
modulating the cavity loss or the cavity length) will have 
considerable response to the modulation if the modulation 
frequency matches the relaxation oscillation frequency (i.e. 
exciting the relaxation ocillation resonance). Generation of 
chaos in a laser with modulated parameter is usually accomplished 
by utilizing this fact [47,49,67,65]. 
Then, what is the connection between MMML lasers and lasers 
with modulation ？ The connection is obvious if we inspect 
carefully eqn.(3.4.1.1a) which is copied down below: 
iZnV-^r-厂 "j 
F(t+T) = e RF(t) + (l-R)P(t) . (3.4.1.1a) 
The main point is that the effect of moving one of the cavity 
mirrors is incorporated in the phase factor exp[i2nvt/T]. It can 
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MMML laser can also be regarded as a laser in which modulation is 
implicitly incorporated. If this frequency matches the relaxation 
oscillation frequency, response of the laser to this implicit 
modulation should be observable. 
In the previously used parameter set, typically, f = 0.1’ 
R = 0.75, T = 7, V = 0.1. These amount to a relaxation oscillation 
frequency of the order of O.OS^r丄(usually greater than this) while 
the modulation frequency (due to the linear motion of one of the 
cavity mirrors) is O.Olr丄. Therefore, a laser with the previous 
parameter sets is far from relaxation oscillation resonance. To 
excite the relaxation oscillation, we choose the parameters � 
y = 0.01, which reduces the relaxation oscillation frequency by a 
factor of about 3. We have found that the relaxation oscillation 
can be excited around v = 0.1. 
Fig.3.4.11.1 Exciting the Relaxation Oscillation 
From our numerical simulation, the relaxation oscillation has 
a peak response in between v = 0.09 and v = 0.11 (but the peak is 
not at v = 0.1 exactly). When y is at either side of the 
relaxation oscillation resonance peak, the pulse height is 
modulated. The appearance of this modulation is similar to those 
described before (in section 3.4.4). However, there is one 
significant difference between the occurrence of this modulation 
and that described in section 3.4.4: if we switch the sweeping 
speed away from v = 0.1, the modulation depth will decrease. Note 
that the depth of the modulation depth which is described in 
section 3.4.4 decreases montonically with the sweeping speed. We 
believe that the modulation described here is due to relaxation 
oscillation resonance. ‘ 
If V is getting closer to the resonance peak, the scenerios 
become more and more complicated as the response of the relaxation 
oscillation to the implicit modulation increases. Note that the 
output intensity has two different characteristic time scales： one 




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































characteristic in multimode oscillation)； another is due to the 
relaxation oscillation (which is not directly related to T). The 
later time scale is coincident with the time required to sweep the 
cavity modes by a as we have intentionally selected and is longer 
than T. In the numerical results, we are interested in the 
variation of the laser intensity in the later time scale (i.e. we 
are interested in the form of the modulation of the pulses 
height). 
First ly� interest ing spiral-like periodical modulation of the 
pulses were found (e.g. at = 1.05). By "spiral-like modulation" 
we mean that the modulation depth of the pulse height is initially 
small and then it increases like a harmonic oscillation with gain. 
After attaining a maximum modulation depth, the modulation 
depth jumps back to a small value (Fig.3.4.11.1). It may 
correspond to a spiral trajectory in phase space (Fig.3.4.11.2). 
The sideband structure of the corresponding intensity spectrum 
consists peaks which indicate that the modulation is periodic. 
Fig.3.4.11.2 Spiral Trajectory in Phase Space 
If y is closer to the centre of the relaxation oscillation 
resonance peak and more interesting results are found. The 
modulation becomes aperiodic, i.e. neither periodic nor even 
quasi-periodic. That means that the sideband structure of the 
intensity spectrum is broadband. We ref er it to a truely 
broadband operation regime because both intensity spectrum and 
field spectrum are broadband (while in the previous non-resonant 
situation, the intensity is still periodic function of time). 
To our knowledge, the above phenomena have not been observed 
in experiment yet and it awaits verification by experimental 
studies. However, as the "resonant region" is quite small (the 
sweeping speed should be controlled as well as within 1% 
precision), parameter scanning in such an experiment should be 
very careful. 
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CHAPTER 4： DISCUSSION AND CONCLUSION 
4.1 Limitations of (Conventional) Thin-Sheet-Gain Approximation 
It should be noted that the validity of thin-sheet-gain 
approximation is limited. In this section, we will discuss one of 
the discrepancy found ourselves. The numerical simulation we have 
reported so far, Maxwell-Bloch equations, to which thin-sheet-gain 
approximation has been applied, are used. Therefore, the 
limitation in the validity of the thin-sheet-gain approximation we 
have used will inevitably limit the validity of our numerical 
results. A modified version of thin-sheet-gain approximation is 
proposed in attempt to remove the discrepancy. 
Problem with the Conventional Thin-Sheet-Gain Approximation 
Consider eqn.(2.4.5.6). It is obvious that when the cavity 
detuning vanishes, the steady state solution will be 
F = 1 P = 1 D = 1 . 
What happens when the cavity mode is slightly detuned from 
the atomic line. One expects that the intensity will be lowered. 
For steady state, we can put 
p,i� „ -idut , � n t ) = F e , (4.1.1.1a) 
O 
P ( t ) = P e-耐 , (4.1.1.1b) 
O 
D(t) = D , (4.1.1.1c) o 
leading to 
( e - i 組 - R ) F = (1 - R) P ， (4.1.1.2a) 
O O 
(1 + ^A) P = F D , (4.1.1.2b) 
o o o 
八 + 1 = D + A Re<F*P > ， (4.1.1.2c) o o o , 
where A = S - do). 
AC 
Eliminating P from eq. (4.1.1.2a) and eq. (4.1.1.2b), we 
o 
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obtain an expression for D ： 
o 
D � = 1 [ ^ ‘ (cos 6 w T - R ) + A sin do)T 
\ ^ 
1 ’ 
+ i A (cos So)T - R) - sin 6wT . (4.1.1.3) 
J J 
However, D � i s real, by defination. Hence, we get an 
equation for Assume that is small compared with the mode 
spacing ZTT/T, and we keep the lowest non-trivial terms： 
1 - R 
彻 = 1 丄 丁1 一 R ^ c (4.1.1.4) 
T 
This is exactly the mode-pulling condition if we identify K 
with (1 - R)/T (compare eqn.(4.1.1.4) with eqn.(2.4.2.3b)). 
Moreover, 
T 
A = 3 � . （4.1.1.5) 
1 - R 
Next, let us eliminate P between eq. (4.1.1.2b) and 
O 
eq.(4.1.L2c), we will obtain an equation in |F and to second 
o 
order in 
丨 = 1 + ( 1 - R ) 八 - _ ， (4.1.1.6) 
° 2八 
which may be greater than 1 if the gain is sufficiently large. Is 
this unphysical result intrinsic to the thin-sheet-gain 
approximation ？ The answer is NOT. We found that a modification 
can be incorporated in the thin-sheet-gain approximation to 
eliminate this unphysical result. In the following discussion, we 
will refer "conventional thin-sheet-gain approximation" to as the 
older version of thin-sheet-gain approximation. 
4.1.2 Modified Thin-Sheet-Gain Approximation 
To our knowledge, the major problem with the conventional 
thin-sheet-gain approximation has not been explored bef ore. The 
problem is rooted in the biased choice of electric field magnitude 
in the matter equations. 
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I 
In the conventional thin-sheet-gain approximation, F(t) is 
the electric field (normalized) just before entering the gain 
medium at a certain time t, i.e. F(z^+ 0—’t); and it is F(t) alone 
that enters the matter equations. Why is F(z + 0+,t) not chosen ？ 
O • 
To obtain a better approximation, we propose to use a weighted 
average of F(z^+ 0+,t) and F(z^+ 0~,t) to replace F(t) inside the 
matter equations 
F(t + T) = R Fit) - aLR P � ， (4.1.2.1a) 
dP( t ) A 
= - � 一 ^ -L F � D(t) ’ (4.1.2.1b) 
dt 
dD(t) f * ^ 
= r , | Re^ p it) Fit) : - m [D(t) - 1] , (4.1.2.1c) 
dt I J 
where F(t) = ^ F(z+’t) + (1 - F ( z~ , t )， 
o O 
= — F ( t + T ) + (1-?) Fit) ， （4.1.2.2) 
R 
where 0 ：^ ^  ^ 1 is a weighting parameter. 
Scaled with the steady state solution in resonant case, and 
the time variables are scaled with we obtain 
F(t+T) = RF(t) + (1-R) P(t) ， （4.1.2.3a) 
d P m I F(t+T) + (1-^) F(t ) 
d P � = - ( 1 + i8)P{t) + D � — — . , 
dt + (1-引 
(4.1.2.3b) 
^ = - ？ Ke j P V ) • + F � I 
dt I + (1-^) ) 
-7 Bit) + f (A + 1 ) . 
(4.1.2.3c) 
One natural choice of ^ is 1/2, which means F(z*,t) and 
o 
F(z ,t) contributes equally to the dynamics of the gain medium, 
o 
In this case, 
F(t+T) = RF(t) + (1-R) Fit) ， （4.1.2.4a) 
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dP(t ) , � F(t+T) + R F(t ) 
(1 + )P(t) + D(t) 
dt AC , 
^ 1 + R 
(4.1.2.4b) 
dD(t) � f * F(t+T) + R F( t ) � 
y Re^  P � I 
dt 1 + R f 
- r D(t) + “八 + 1 ) . 
(4.1.2.4c) 
If the laser is in steady state operation, 
F(t) = F , 
O 
P(t) = ， 
O 
D(t) = D . 
o 
Eq.(4.1.2.4a) - eq.(4.1.2.4c) reduce to 
(e - R) F^ = (1 - R) P^ ’ (4.1.2.5a) 
(1 + M ) P � = ^ ^ F O D � ， （4.1.2.5b) 
1 + R 
( —ldo)T * � 
A + 1 = D + A Re] ^ F P . (4.1.2.5c) 
� I 1 + R � � / 
Dividing the f irst equation (eq.(4.1.2.5a)) by the second one 
(eq.(4.1.2.5b))’ 
D o = ^ ^ ^ ^ (1 - r2 - 21R sin . 
° 1 - R 1 + R + 2R cos 8u}T 
(4.1.2.6) 
The fact that D is real implies that 
o 
A d - r2) = 2R sin 8U)T ’ (4.1.2.7) 
which can be solved if 6 is small compared with the mode 
AC • 
spacing. However, let's consider a more general case is of 
arbitrary magnitude), 
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n = 1 + R 1 - R - A 2R sin 5a)T 
o 一 "； 2 ， （4.1.2.8) 
1 - R 1 + R + 2R cos 6wT 
and with the help of the equation for sin eq.(4.1.2.7), we 
obtain 
D - (1 + (1 + A^) ^ 1 
^o - 2 - 1 . (4.1.2.9) 
1 + R + 2R cos 6a)T 
On the other hand, we have, from eq.(4.1.2.5c), 
‘ iduT 丄 D -ISdT 
A + 1 = D + A Re - — IF D ^ + & . 
� 1 (1 + R)2 � � 1 + M ’ 
- n + A 1 + R^ + 2R cos 5u)T _ , 2 ^ 
— U + ； IF I D , 
1 + A^ (1 + R)2 ° 
= D + A IF , 
o o 
and therefore, 
7 D - 1 
IF�12 = 1 - — ^ � （4.1.2.10) 
As D is always greater than 1 in detuned laser 
o 
I F ? < 1 . (4.1.2.11) 
The origin of the discrepancy in detuned laser is due to the 
biased choice of electric field in the matter equations, therefore 
the validity of the conventional thin-sheet-gain approximation 
should be limited to gain per roundtrip and loss per roundtrip are 
small (but their ratio is arbitrary) because, if it is the case, 
F(z + 0 ,t) and F(z + 0+’t) will be approximately equal. In the 
o o 
set of symbols we have adopted,八 is the ratio between the 
•- * 
roundtrip gain and the roundtrip cavity loss minus one and R 
represents the roundtrip cavity loss. This amounts to the fact 
that, for the conventional thin -sheet-gain approximation to be 
valid, R should be close to 1. 
In our numerical simulation performed before, R is typically 
set to be 0.75 and we believe that the numerical results would not 
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be qualitatively different from the results obtained from exact 
form of Maxwell-Block equations. In fact, we have tried to apply 
eqn.(4.1.2.5) to simulate a MMML laser in which J = 0.1’ R = 0.75’ 
T = 7, A = 7, v = 0.1. The result seems to be qualitatively the 
same as those obtained previously. However, the numerical values 
(e.g. that of the threshold sweeping speed) obtained from our 
numerical studies should not be expected to be very accurate. In 
fact, we believe that, even the modified version of thin-sheet 
-gain approximation may not be able to reproduce exact numerical 
values. In addition, as many effects are neglected in our model 
(described by Maxwell-Bloch equations), exact matching between the 
numerical values obtained from our numerical simulation and the 
experimentally measured values is highly unlikely. We shall 
discuss, in the next section, what effects are neglected in our 
model. 
4.2 Concluding Remarks； Possibilities of Further Research 
In our studies, we have established the connection between 
FSFC lasers and MMML lasers and a physical explanation to what are 
happening in them are proposed, which are different from the 
previous proposals： the pulse generation mechanism has a root deep 
in detuning-induced mode-jumping effect. Noise is not critical to 
the operation of a MMML laser as it is self-sustaining. This is 
confirmed by our numerical simulation using a more realistic model 
(Maxwell-Bloch equations). 
Although our numerical studies are based on Maxwell-Bloch 
equations, which describes homogeneously broadened two-level ring 
laser and in which all transverse effects are neglected, the 
applicability of MMML technique should be much wider. The wide 
applicability of MMML technique, as evident in the experiments (in 
which different kind of laser systems are used), expected from our 
proposal of physical explanation： detuning-induced mode-jumping 
takes place whenever the stability domains of different cw 
operation mode do satisfy some mild requirements. The 
requirements are that there exists some value of cavity detuning 
which supports more than one cw solutions (i.e. multi-stability) 
and that, on the other hand, any cw operation mode is not stable 
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at its two ends (section 3.4.7 and section 2.4.7). 
Based on our proposal, various effects can be explained, for 
example, the apparent contradiction between the FPS and RFS, fine 
structure in FPS. We can also explain why, other than period-T 
pulse train, period-T/n pulses can be obtained. They are observed 
in the experiments [5] but, to our knowledge, none before can 
satisfactorily explain it. 
Our proposal also suggests that MMML is different from the 
conventional mode-locking. In the conventional techniques, it is 
the locking of some stationary modes that causes the formation of 
pulses. By "stationary modes", we mean that the frequencies of 
the cavity modes are fixed. In the case of MMML, it is different. 
The pulses generation is due to locking of moving modes, which are 
being linearly swept through the gain curve. This difference is 
reflected in the differences in their field spectra. 
Different operation regimes of MMML lasers (and hence FSFC 
lasers) are identified. The parameter space of sweeping speed 
against the gain parameter can be divided into two regions： low 
-gain region and high-gain region. In the low-gain region, only 
bistability can be found from detuning scan; while, in the high 
-gain region, multi-stability can be found and a hierarchy of 
period-T, -T/2, -T/3, etc can be found. When the sweeping speed 
is too high, the laser cannot sustain itself. These are both 
expected from our physical explanation and predicted from the 
numerical simulations. 
The results obtained f rom the numerical simulations are 
abundant. Apart from the operation regimes discussed above, we 
have found that the relaxation oscillation resonance can be 
excited as one of the cavity mirror is moved. The output 
intensity can be rather erratic and we ref er it as the truely 
broadband operation regime because the both field and intensity 
spectra are broadband. Fine structure in MMML lasers is obtained. 
With the modified resonance condition being satisfied, sharp peaks 
can be obtained in field spectrum. More precise experiment may be 
done to verify it. 
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However, our studies are by no means complete. First of all, 
many parameter sets are not scanned through in the numerical 
simulations. It is true especially for J = 1 and for MMML lasers 
with injection signal. In both cases, different values can be 
substituted for T, A, R and v. Effects of using different values 
of R have not been studied, too. 
In the case of MMML lasers with injection signal, we have 
only studied the resonant case only, i.e. the injection signal is 
resonant with the atomic line centre. What will be the effect of 
detuning the injection signal from the atomic line centre ？ 
Interesting results may be obtained as suggested from the 
phenomena found in a (plain) laser with injection signal. This is 
quite useful in design consideration if one attempts to produce 
tailored field spectra. 
Effects of spectral filtering element on output laser 
radiation of MMML lasers have not been studied, too. It is 
interesting to note that a narrower auto-correlation trace can be 
found if a Fabry-Perot etalon is inserted in the main laser cavity 
of a FSFC dye laser. A narrower auto-correlation trace usually 
means shorter pulses. However, on the other hand, it is expected 
that restricting the pass bandwidth of a laser cavity will 
increase the pulse width if the laser is mode-locked. This 
dilemma is remained unresolved. To study what effects the 
Fabry-Perot etalon actually exert on a MMML laser, more work 
should be done. One may assume that a Gaussian bandpass filter is 
inserted. That is, if the input pulse (to the filter) is given by 
F(t) = du) fiu)) , (4.2.1) 
then the output pulse is of the form 
" 2 2 
, � -iwt -(W-O) ) /Au f. 9 9� dct) f(ci)) e e i , 14.2.2J 
where w. is the peak frequency of the Gaussian filter. Aw is the 
width of the pass band. Further treatment can be applied. 
Usually, Ao) is much larger than the actual band width of the 
lasing modes (i.e. the width of f(cj)), therefore, we are justified 
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to approximate the Gaussian factor in eqn.(4.2.2) by 
1 一 (co-^/zAo,' ， (4.2.3) 
and the output pulse can be directly related to input pulse F(t) 
by 
F � - e ， 4 e � i t F(t) 1 • (4.Z.4) 
Ao) L � 
It should be noted that the spectral contents (instantaneous 
frequencies) at two locations of the same pulse can be different 
as the cavity modes are linearly translating. Using 
auto-correlation trace in analysizing dependence of the pulse 
width on the spectral filtering in the laser cavity may be 
misleading. However, one should be careful that the width of the 
auto-correlation trace of the output of a MMML laser is more 
complicated than that of a conventional mode -locked laser. As we 
have discussed in section 3.4.8, the width of auto-correlation 
function does depend on two factors: one is the width of the 
pulses (i.e. the width of the intensity of the pulses) as 
expected, and the other is the spectral component of the pulses. 
In the experiments on MMML Ti: Sapphire lasers, there are 
three effects that are completely neglected by our simulation. 
They are the transverse mode effects, the fast saturable action 
due to Kerr lensing in the laser rods and the effects due to 
bidirectional propagation of laser radiation inside the cavity. 
Let's consider the f irst and second effects first. On one hand, 
ultrashort pulses can also be found from our model, showing that 
KLM may not be the key element of ultrashort pulse generation in 
MMML Ti： Sapphire lasers. However, on the other, some of the 
details of the MMML Ti:Sapphire laser may be modified if such 
effects are included. For example, the dependence of threshold 
sweeping speed on the gain parameter may be varied. One may 
expect that the fast saturable absorber action of Kerr lensing 
ef fect may flavor period-T pulse generation. This may ‘ result in 
suppression of period-T/n pulses regimes. Allowing bidirectional 
* ‘ • 
progation may result in more complicate phenomena. In usual 
solid-state lasers, bidirectional propagation results in a grating 
-like gain profile in the active medium (due to the interference 
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of the forward and backward waves), which couples the forward 
propagating and backward propagating radiation [47,71]. 
Sometimes, laser radiation of one of the two propagation 
directions may be suppressed by the other and spontaneous single 
directionality in such laser will then be obtained. However, in 
MMML lasers, the spectral contents of two successive pulses can be 
quite different and hence the interference between the forward and 
backward waves may be affect. How the effect of grating-like gain 
profile will be modified may be of interest. 
Finally, the active medium in our model is homogeneously 
broadened two-level medium. This may be a too cruel model if more 
sophisticated effects are to be studied or if exact numerical 
comparisons between the theoretical and experimental results are 
to be made. In the experiments performed in 1960s, He-Ne lasers 
are used [1,2]. The active medium is inhomogeneously broadened 
(Doppler broadening). In dye lasers (FSFC) or in Ti： Sapphire 
laser, the active media are homogeneously broadened but the lower 
lasing band is not a single energy level. In fact, it has a band 
structure which consists of a set of closely packed sub-levels 
[59-61]. If a cavity modes is swept through the gain curve (which 
is formed from the sub-levels), it will be successively in 
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